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Abstract

Discrete-choice general-equilibrium models capture rich heterogeneity in where
people live and work, but this heterogeneity complicates the aggregation of welfare
gains and losses. We measure aggregate economic surplus by the fraction of endow-
ments that can be saved after a change while keeping every household as well off as
before. This is a general-equilibrium counterpart to cost-benefit analysis that allows
prices, wages, and choices to adjust as winners compensate losers. It requires neither
utility cardinalizations nor Pareto weights. Under perfect competition, the first-order
welfare elasticity with respect to a producer’s productivity equals its sales relative
to GDP, regardless of the distribution of preferences and technologies. Beyond first
order, we provide exact characterizations using supply and demand functions and
second-order approximations using observable income and expenditure shares and
supply and demand elasticities. We compare this measure with commonly-used al-
ternative measures of aggregate welfare like real GDP, the sum of compensating vari-
ations, and average utility. Using a version of the Allen and Arkolakis (2014) spatial
model, we show that welfare estimates and policy prescriptions based on average-
utility vary erratically across observationally equivalent cardinal representations of
the same ordinal preferences. Our welfare measure is invariant to these arbitrary as-

sumptions.

*We thank Rodrigo Adao, Fernando Alvarez, John Asker, Lorenzo Caliendo, Pablo Fajgelbaum, Hannes
Malmberg, Yuhei Miyauchi, Will Rafey, Stephen Redding, Jon Vogel, Pierre-Olivier Weill for their com-
ments. We are especially grateful to Natalie Bau for her insights.



1 Introduction

General-equilibrium models in which agents make discrete decisions about where to live
and work are now standard in trade, spatial, labor, and macroeconomics. These models
are popular because they capture rich heterogeneity in preferences, skills, and individual
outcomes. Yet they make it surprisingly hard to answer a basic question: what is the
aggregate welfare value of a change in the economy when agents are affected differently
by that change? A meaningful answer is important for summarizing the overall welfare
consequences of economic change and for guiding policy.

The most commonly-used measure in the spatial literature is the cross-sectional av-
erage of individual utilities.! A fundamental issue with this measure is that it is not
invariant to monotone transformations of individual utility functions. Replacing a utility
function with a monotone transformation that generates exactly the same choice behavior
can nonetheless alter the social welfare ranking of allocations. For instance, in the spatial

literature, a standard utility specification is
(e, 7) = cepy,

where c is consumption and ¢y, is h’s idiosyncratic taste for choosing location r. This

specification is observationally equivalent to
iy(c,r) = cepp/ mr;ax{shr/},

which normalizes each agent’s highest location-specific taste to one. Although both spec-
ifications imply the same individual rankings, and hence choices, they imply different
rankings of social allocations and different optimal policies. The issue is that there is no
canonical basis for choosing between these normalizations. Normalizing tastes so that
every agent assigns a taste of one to their favorite location is just as plausible as allowing
some agents to have higher tastes in their favorite location than others. The data do not
distinguish between these cardinalizations, and the resulting aggregate welfare measure
hence depends on untestable and nonintuitive assumptions about the interpersonal scale

of utility.?

!Examples include, among many others, Redding (2016), Redding and Rossi-Hansberg (2017), Fajgel-
baum et al. (2019), Dingel and Tintelnot (2020), Allen and Arkolakis (2022), Monte et al. (2023), and Tsivani-
dis (2026). Average utility is also widely used outside spatial models; see, for example, Kleiner and Soltas
(2023) in a model of occupational choice.

2See Section 6.3 for a discussion and worked-out example. Although this measure is sometimes called
“expected utility,” average utility is not a von Neumann-Morgenstern expected utility function. Expected
utility functions represent ordinal preference relations over lotteries; they are not expectations of utility
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In this paper, we develop a different approach for measuring aggregate welfare changes
in discrete choice economies. Following Baqaee and Burstein (2025a), and inspired by De-
breu (1951), we measure the aggregate surplus created by a change in primitives by the
fraction of factor endowments left over if winners from that change were to compensate
the losers. This measure has the following attractive properties. First, because compensa-
tion is defined by households’ indifference conditions, the measure depends only on ordi-
nal preferences and is invariant to arbitrary cardinalizations of utility. Second, it respects
Pareto improvements: when every household is better off, the measure rises. Third, it is
distribution-neutral: it quantifies aggregate surplus without specifying Pareto weights or
deciding which households ought to receive the surplus. Our contribution is to introduce
this notion of aggregate economic surplus into general equilibrium economies with dis-
crete choice, characterize it in terms of observable supply and demand curves, and show
how its implications differ from those of standard aggregate welfare measures.

Our approach can be viewed as an extension of traditional cost-benefit analysis to
general equilibrium settings. Traditionally, cost-benefit analysis measures the surplus
from a change via the sum of compensating variations (see Harberger, 1971).3# The sum
of compensating variations measures the “money” left over after winners compensate
losers, holding relative prices constant. Small and Rosen (1981) characterize this wel-
fare measure in partial equilibrium discrete-choice models and link it to compensated
choice probabilities. The sum of compensating variations is unsuitable for general equi-
librium analyses because relative prices are endogenous: a change that looks like a poten-
tial Pareto-improvement holding prices constant may fail to be one once we account for
the fact that prices would adjust in the event of an attempted compensation. This issue be-
comes particularly severe for optimal policy problems where policies that maximize the
sum of compensating variations will often have bang-bang, and frequently inefficient,
corner solutions.”

We resolve this problem by determining compensating transfers, prices, wages, and

values across households with different preferences.

3The pioneers in the discrete choice literature, like McFadden (1981) and Anderson et al. (1992), empha-
size that consumer welfare in discrete choice models should be measured using compensating or equivalent
variations of the individual agents, as in standard consumer theory. Dagsvik and Karlstrém (2005) show
how to calculate the distribution of compensating variation across agents using compensated choice prob-
abilities.

“While this approach is common in the industrial organization literature, it is less common in general
equilibrium spatial and occupational choice models. One exception is Kim and Vogel (2020), who study a
model where workers choose among a discrete number of sectors including non-employment. They show
that the elasticity of the sum of compensating variations to wages is the income share of each sector.

*Intuitively, if the policymaker takes all resources away from some households, the relative price of
what those households like to consume will fall dramatically, which makes it possible to compensate them
cheaply at the new prices with money left over. We provide explicit examples in Section 6.
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choices jointly in general equilibrium. We then measure aggregate surplus by the frac-
tion of factor endowments, rather than money, that can be saved while keeping every
household at its status-quo welfare. Although our definition follows Baqaee and Burstein
(2025a), their characterization does not carry over to our discrete-choice setting. We there-
fore develop a different characterization of aggregate welfare that does not rely on their
fictional representative-agent construction.

The structure of the paper is as follows. In Section 2, we set up preferences, technolo-
gies, and define the perfectly competitive equilibrium. Although the equilibrium is per-
fectly competitive, the model is otherwise fairly flexible: agents can differ flexibly in their
skills and preferences over locations and occupations. Production uses different types of
primary factors and intermediate inputs, and accommodates input-output networks and
costly trade. Market imperfections and externalities are dealt with later in the paper.

In Section 3, we define our aggregate welfare statistic and show that it can be char-
acterized using compensated supply and demand functions. Compensated supply and
demand functions map relative wages and prices to labor supply and spending choices
across locations, holding each agent on a fixed indifference curve. The change in aggre-
gate welfare from a shock is the adjustment in total factor productivity that makes the net
change in the sum of consumer and producer surplus — the areas under compensated
demand and above compensated supply curves — zero. We show how to obtain these
compensated supply and demand functions using either household-level simulations or,
building on an insight from Bhattacharya (2015, 2018), using market-level uncompen-
sated supply and demand.

In Section 4,we generalize Hulten’s theorem to perfectly competitive economies with
discrete choice: observed sales shares are sufficient statistics for the first-order welfare
effects of productivity shocks. Specifically, the welfare elasticity with respect to a pro-
ducer’s productivity equals its initial sales relative to GDP, regardless of preferences and
technologies. Thus, with our definition, aggregate welfare obeys Hulten’s theorem just as
in perfectly competitive representative-agent spatial economies (Donaldson, 2025). Intu-
itively, to a first order, one does not need to solve for how households switch locations or
occupations in response to a shock because when a household switches choices, the pe-
cuniary gain from switching is exactly offset at the margin by the amenity loss required
to make the household willing to switch. Beyond first order, we derive an exact formula
that accumulates productivity changes weighted by sales relative to GDP along the com-
pensated equilibrium, and second-order approximations using initial expenditure shares
and supply and demand elasticities.

In Section 5, we discuss extensions to our basic framework. We show how to account



for market imperfections and externalities. We also discuss how to relax the assumption

that compensations can be implemented through individual-specific lump-sum transfers

by considering a case where transfers are location- rather than individual-specific.b We

also discuss how to apply our framework to dynamic and stochastic economies.

In Section 6, we compare our approach to common alternative measures of aggregate

welfare used in the literature. We summarize these findings below.

i.

ii.

1ii.

Real GDP: Our measure generally differs from real GDP because, as is well-known,
real GDP ignores amenity value. This means that it can be an inappropriate gauge
for welfare (Roback, 1982).” For example, if an agent moves from a high- to a low-
wage location/job, then real GDP can fall, although that agent may be better off
once we take into account her location preferences. Indeed, it is simple to construct
examples where a shock makes every agent better off, but causes real GDP to decline
(e.g. if productivity rises in a low-wage location, then real output can fall because
workers move there). We show that in perfectly competitive economies, our mea-
sure does coincide, to a first-order approximation, with measures of multi-factor
productivity growth (or the Solow residual) computed using a quality-adjusted la-
bor input. That is, our analysis provides a theoretical justification for using those

statistics in efficient economies with heterogeneous tastes and discrete choice.

Sum of compensating variations: As explained above, in contrast to the sum of
compensating variations, our measure accounts for the fact that compensating trans-
fers can alter equilibrium prices and wages. To illustrate this distinction, we show
that a policymaker choosing place-based policies to maximize the sum of compen-
sating variations will typically implement inefficient policies, taxing some locations
to redistribute to others, even when the initial equilibrium is Pareto efficient.

Average utility: The average utility measure does not coincide with our measure,
even to first order. For example, in perfectly competitive economies, average utility
does not obey Hulten’s theorem (as pointed out by Donald et al., 2026). We show
that the extent of these deviations from Hulten’s theorem depends on which ar-
bitrary but equally valid monotone transformations of individual utility functions

are used. We use a version of the Allen and Arkolakis (2014) model with hetero-

%See also Schulz et al. (2023) who consider a mechanism design problem where compensations must be
incentive compatible under imperfect information.

"Real GDP is nevertheless popular in the literature, partly because it is consistent with objects in national
income accounting. Some recent examples that report real output include Hsieh et al. (2019), Lamadon et al.
(2022), and Bagga et al. (2025) in models with occupation choice, and Bryan and Morten (2019) and Heise
and Porzio (2022) in spatial migration models.



geneous tastes to quantitatively illustrate the difference between our approach and
average utility. We show that these arbitrary assumptions also matter for policy
prescriptions: a policymaker maximizing average utility can make extensive use of
Pareto-inefficient place-based policies, even in Pareto efficient economies, and the
optimal policy can be highly sensitive to how ordinal preferences are mapped into

cardinal utils.

2 Environment and Equilibrium

In this section we define the environment and equilibrium. Households choose among
locations or occupations that determine their earnings and consumption opportunities.
Producers use primary factors and intermediate goods under constant returns and per-
fect competition. The general environment is fairly abstract, so readers looking for a con-
crete example are encouraged to focus on the running example introduced in Example 1.
Throughout the rest of the paper, we return to this same example to illustrate the general

results. Market imperfections and externalities are introduced in Section 5.

Commodity space. The commodity space contains a set C of consumption bundles, a set
N of intermediate goods, and a set R of primary factors. Every commodity is indexed by
a comprehensive set of characteristics that define its uniqueness including, for example,
region (e.g. haircuts in LA and New York can be treated as different commodities).?
Primary factors are supplied by households and can be arbitrarily finely differenti-
ated within R. For example, R can distinguish factors by region, occupation, skill-level,
and type (e.g. high-skilled accountants in LA and commercial real estate in New York
are different factors). Agents differ in their ability to provide these factor services. For
example, some agents, called low-skilled workers, can only supply low-skilled labor, or
some agents, called landowners in region x, can only supply land to firms in that region.
Each agent h makes a discrete choice [, € R that we refer to as the location of h, with the
understanding that it may index location in space as well as occupation, industry, and so

on. 10

8In principle, this could include time and state of nature. That is, following Arrow-Debreu, our theorems
and propositions can be applied to dynamic and stochastic economies. However, for concreteness, in all of
our examples, we focus on static deterministic economies.
9Similarly, if there are trade costs, then traded goods are indexed by both origin and destination. For
example, oranges produced in California and consumed in New York are different from oranges produced
in California and consumed in Illinois.
10Because the set of factors, R, is kept abstract, this setup is quite general. For example, to capture
commuting, where agents consume and work in different places (as in Monte et al., 2018), we let r index



For simplicity, the set of consumption bundles C has the same size as the set of primary
factors R, with a one-to-one correspondence between consumption bundles and locations.
Thus, for each r € R, there is a primary factor (“labor in location r”) and an associated
consumption bundle ¢(r) € C (“consumption in location r”). By allowing consumption
bundles to differ by location, we allow for the possibility that certain commodities are
nontradeable or that there are trade costs (e.g. barbers in Los Angeles consume a different

bundle of goods from waiters in New York).

Households’ problem. There is a unit mass of agents, indexed by 1 € H. Each agent
chooses a location I, € R and consumes a scalar quantity c;, of the homothetic compos-
ite associated with that location. Households choosing the same location consume the
same composite, but their preferences over its quantity and the location itself may differ
arbitrarily.

Agent h has ordinal preferences = over the location choice I;, and the quantity of the
consumption bundle consumed. These preferences are represented by a utility function
up(cy, Iy) that is continuous and strictly increasing without bound in consumption for
each location, and is only pinned down up to a strictly increasing transformation. Each

agent maximizes utility choosing consumption c;, and location [},

max uh(ch, lh) (1)
il
subject to a budget constraint that requires consumption expenditures be equal to factor
income plus transfers:

pi,cn = Zap,wy, + Ty,

where p; denotes the price of the consumption bundle in location r, a;, is agent h’s ef-
ficiency units of factor type r, w, is the wage per efficiency unit of factor r, and T}, is a
household-specific lump-sum transfer independent of the household’s location choice.
We anticipate that firms earn zero profits in equilibrium. The scalar Z is an aggregate
factor-augmenting productivity shifter that uniformly scales the efficiency of factors in
every location for all agents.!! We use Z to define our measure of aggregate welfare later.

Denote the utility-maximizing location choice of agent /1 by I;,. We refer to the quantity
ap 1[I, = r] as labor supplied by h, with the understanding that this is just a shorthand

and factors could in principle include non-labor inputs like land. Given this shorthand,

pairs of locations instead. In a dynamic or stochastic model, we would let  index a state-contingent plan
of locations.
Equivalently, we could model Z as a shifter that scales factor-augmenting productivity of all producers.



efficiency units of labor supplied in location 7 (not including the aggregate shifter Z) are

Lp:/@AW:dWL @)

Efficiency units of labor supplied and available for production in location r are ZL,. Final

consumption spending in location r is
E:Zmu+/ﬂMM:ﬂM. 3)

Producers’ problem. The set of produced commodities is the union of consumption
goods, C, and intermediate goods, N, denoted by C + N. Each commodity i is produced
by a perfectly competitive representative firm that maximizes its profit:

max  p;Yy; — Z, pjXij — Z wrljy, 4)
yi/xij/lir ]eN re€R

subject to a constant-returns technology

vi = ziF; ({xij}jen/ {lir}rer) , (5)

where z; is a Hicks-neutral productivity shifter for producer i, F; is a constant returns
production function, x;; is producer i’s use of intermediate good j, and [;; is its use of
efficiency units of primary factor r. The price of the consumption bundle in location r € R

is p(rj = Pc(r)-

Market clearing constraints. The resource constraint requires that consumption and in-
termediate input usage be equal to production. Recall that commodities are split into pure
consumption goods (i € C) and pure intermediates (i € N). Hence, if i is a consumption
bundle, then i is not used as an intermediate (x; = 0 for each j). On the other hand, if
i € N, then i is not directly consumed by any household. The market clearing constraints
are therefore:

E, = pﬁ/chl[lh =r]|dh = pﬁyc(r) ifr e R and pi Z xji = piyiifi € N.  (6)
j€EC+N



The resource constraint for factor » € R requires that total factor demand from producers
is equal to total factor supply from households:

Y Ly =7Ly. )

ieC+N

Market clearing constraints imply that lump-sum transfers add up to zero:

/ T,dh = 0. ®)
We can now define a competitive equilibrium.

Definition 1 (Competitive Equilibrium). For given productivity shifters z and Z, a com-
petitive equilibrium with transfers is a collection of consumptions, ¢y, location choices,
I, transfers, {T,}, outputs, y;, input choices, {xl-]-, lir}, prices, p;, and wages, w,, such that
each agent chooses consumption and location to maximize utility subject to their bud-
get constraint, producers maximize profits subject to technology taking prices as given,
transfers add up to zero, and all markets clear. That is, equations (1)-(8) must be satisfied.

Example 1 (One-Good Economy). There is a continuum of agents with heterogeneous
preferences represented by utility functions uy(cy,I;,). For example, the utility function
could take the form:

up(cn, In) = fu(g(en) +e€n,),

where ¢ is increasing, f, is any arbitrary monotone increasing function, and ¢y, is a pa-
rameter capturing h’s tastes for choosing location /j,. There is a single freely-traded con-
sumption good produced, which we take as the numeraire. Agents have the same skills,
ap, = 1for every h and r, and there are no initial transfers. Each agent’s budget constraint
is

cyp — Zwlh.

There is one producer in each location with a linear production technology:
Yy =2z, / 1[I, = rldh = Zz,L,,

where z, is the productivity and L, is the supply of labor in location r. Consumption

goods produced in each location are perfectly substitutable and freely traded, so the ag-



gregate resource constraint is therefore total consumption equals total production:

[enn =2y =L,
r

In the competitive equilibrium, the wage is equal to local productivity w, = z, . House-

holds consume ¢, = Zz;, and choose
I, € argmaxuy(Zz,, ).
reR

Thus, households trade off consumption, determined by local productivity, against their

preferences over locations.

3 Defining and Characterizing Aggregate Welfare

In this section, we define our measure of aggregate welfare and then characterize it. Con-
sider an initial status quo equilibrium allocation, corresponding to the allocation observed
in the data. Let z° be the vector of producer-specific productivity shifters in the status
quo. Similarly, denote all other variables x at the status quo by x°. Normalize the aggre-
gate factor-augmenting productivity shifter to equal one in the status quo, Z° = 1. We are
interested in measuring the aggregate economic surplus created by a change in the vector

of productivity parameters from z° to z.

3.1 Definition of TFP-Equivalent Aggregate Surplus

Define the set of feasible allocations, given productivities z and Z, to be

C(z,Z) = {{cp In}nen supported via competitive equilibrium given z, Z, and some transfers} .

Feasible here means allocations that can be implemented as competitive equilibrium al-

locations given some transfers (not just technologically feasible).

Example 2 (One-Good Economy’s Feasible Set). Consider the economy described in Ex-

ample 1: there is a single freely-traded consumption good produced linearly from labor
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in each location. The feasible consumption set for this economy is:
C(z,2) = {{Chrlh}heH : there exist { T}, } ;e such that /Th dh =0,
cp =2z, + Ty, Iy €arg I?eaRX up (Zzy + Th,r)}.
The first condition is that transfers must be budget-balanced, the second gives house-

holds” budget constraints, and the last states that households choose their locations to

maximize utility.

We measure changes in aggregate welfare in response to a change in productivities z

using equivalent changes in factor-augmenting productivity Z.

Definition 2 (TFP-Equivalent Aggregate Surplus). The aggregate surplus generated by
the change, in TFP-equivalent terms, is defined to be

A = max {Zil Ao ntpey € C(2,2) and (¢, 1y) =5, (cg, 12) for every h} , 9)

where ¢ and 1) are the consumption and location of agent / in the status quo.

In words, to measure the change in aggregate welfare, we choose the smallest com-
mon factor-productivity multiplier Z that permits an equilibrium with budget-balanced
transfers in which every household is at least as well off as in the status quo.'? If A is
greater than one, say A = 1.01, then this means that we can discard roughly 1% of every
factor endowment (more precisely, 1 — 1.0171) and still keep every household indifferent
to the initial equilibrium. Equivalently, because Z uniformly scales the production pos-
sibility set, every household can be kept indifferent to the status quo with roughly 1% of
every good left-over. In other words, this represents an aggregate surplus gain equivalent
to a 1% increase in TFP. Note that this quantity is invariant to monotone transformations
of utility functions, and is distribution neutral in that it does not take a stance on who
should receive the surplus. When A is less than one, instead of measuring the surplus, A

measures the shortfall in factor endowments needed to make everyone whole.

12This definition is similar to the one used by Baqaee and Burstein (2023) in the context of continuous
choice economies. It is not exactly the definition in Debreu (1951) because we restrict the set of feasible
allocations to be the ones that can be reached using individual-specific lump-sum transfers as opposed to
any technologically feasible allocation. In this economy, the second welfare theorem need not hold, so these
two definitions need not be equivalent. In Section 5, we discuss how to further restrict the set of feasible
allocations to be the ones that can be supported given market imperfections or place-based, rather than
individual-specific, transfers.
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Throughout, we assume that at the solution to (9), every agent can be made exactly in-
different to the status quo. This rules out pathological cases where agents are completely
disconnected in goods and factor markets.'3

Before proceeding with the analysis, we collect some remarks on how this measure
can be extended.

Remark (Changes in amenities). Our analysis focuses on the effect of productivity shocks.
However, the same definition of aggregate welfare and many of our results can be ex-
tended to cover changes in other parameters as well. For example, we can allow for
changes in location characteristics that affect amenity values (e.g. changes in the weather
in a region or in the health risk associated with particular occupations). For example, if the
amenity value of choosing location r can be written as uy,(B,c;, r), where B, is a location-
specific quality shifter, then changes in B, have the same effect on aggregate surplus A as

changes in the productivity of the consumption good in that location, z.(,).

Remark (Welfare for a subset of agents). Definition (9) can also be applied to measure col-
lective welfare for a subset of agents, such as agents of a given gender, race, or age. In
that case, we contract the endowments of agents in that subset subject to indifference con-
ditions and balanced-budget transfers within the subset. If the subset consists of a single
infinitesimal agent /, then the TFP-equivalent surplus collapses to that agent’s compen-
sating variation,'* denoted by Aj, and defined by

ahrwr 0

S ) =l 1

rnraxuh(A P?’r> uy, (10)

The value of Aj, depends only on household h’s ordinal preferences = and is invariant

to strictly increasing transformations of utility.

3.2 Characterization of Aggregate Welfare A

To solve for A, we break the problem into two parts. First, we compute where households
choose to go and how much they spend once they are compensated, holding relative
prices constant. As in classical consumer theory, this gives us the compensated supply

and demand functions, which map wages and prices into labor supplied and spending

13This happens if, for example, households are immobile across locations and each location is in autarky.
In such a case, making households exactly indifferent to the status quo can become impossible because
transfers between locations are not possible. In these cases the measure is itself still well-defined, but some
of our theorems do not go through.

4Technically, this is a compensating variation in ratios—the proportional reduction in agent h’s
productivity—rather than in differences. See Appendix D.2 for a comparison of compensating variations
in ratios and in differences.
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in each location, holding each agent on a given indifference curve.!®> Second, given those
compensated supply and demand choices, we solve for relative prices that can clear mar-
kets. The value of A is then pinned down by a fixed point where compensated supply
and demand are consistent with market clearing. In the final part of this section, we show
how one can recover the aggregate compensated supply and demand functions, needed
to compute A, from aggregate uncompensated labor supply functions, which are much

easier to estimate.

3.2.1 Expenditure Function and Compensated Choices

Begin by defining the expenditure function of each consumer.

Definition 3 (Expenditure function). Define T, (w, p°) to be the (net) expenditure function
for agent h given wages w and consumption prices p‘:

Ty (w,p) = Ilnin {chhch — ap,wy, * (e, In) = (02, 12)}-
hrth
We call the location choice I,°"* (w, p°) associated with this optimization problem the

compensated choice of agent h.

In words, Tj,(w, p°) is the minimum lump-sum transfer agent / requires to be made
at least indifferent to the status quo allocation, given prices and wages. The location
choice that the agent makes, given that transfer, is what we call the compensated choice.
This definition parallels the classical definition of expenditure functions and compensated
demand in consumer theory.'¢

The following proposition shows how to compute the compensated choices and the

expenditure function agent-by-agent.

Proposition 1 (Compensated Choices and Expenditure Function). The compensated choice
1" (w, p°) satisfies

com —~

" (w, pf) € argmax {ay,wr — pié},

15In Appendix A.2, we consider a special case with homogeneous agents. In this case, lump-sum transfers
are not needed to evaluate the compensated supply and demand functions, since all agents are affected
symmetrically by shocks. In this case, if households only care about consumption and do not directly value
location choices, then A is just the growth in real consumption in any non-empty location (see Corollary 6
in Appendix A.2).

16See also Small and Rosen (1981) for a related analysis. Whereas they consider discrete consumption
choices, given fixed income, here the level of income depends also on the discrete choice (via the wage).
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where for each r € R, ¢y, is the solution to uy(Cp,, 1) = uh(cg, 12). The expenditure function, or
transfer needed to ensure indifference to u), is

C\ _ ,.C = _
Th (w,p ) = pl;gmpchlzomp ahlzompwl;omp.

In words, (ap,w, — p:cy,) is the surplus, in dollars, agent / receives from being sent to
location r, where ¢y, is the consumption agent 1 must have in location r to be indifferent
to the status quo. The compensated choice maximizes this surplus, and the expenditure
function is equal to the negative of the surplus. Proposition 1 gives a straightforward way
to calculate the compensated choice and the compensating transfer for each agent given
any vector of consumption prices p° and wages w.

We now aggregate agent-level expenditure functions and compensated choices.

Definition 4 (Aggregate Expenditure & Choices). The aggregate expenditure function is

T(w/pc) = /Th(w,pc)dh.

The aggregate compensated labor supply function is:
L™ (w,p) = [ a5 (w,p) = r]dh.
Aggregate compensated demand in location r is:
E™ (a, p¢) = w0, L™ (aw, p°) + / Ty (w, p°) 1[I (w, p°) = rldh,

where [,°"F (w, p°) and T),(w, p°) are given by Proposition 1.

The following proposition relates aggregate expenditures to the aggregate compen-
sated supply and demand functions by way of an aggregate version of Shephard’s lemma.
Throughout, we assume that, at the wage and price vectors under consideration, compen-

sated location choices are unique for almost every household.!”

Proposition 2 (Aggregate Shephard’s Lemma). The aggregate compensated labor supply func-
tion satisfies
oT (w, p°)

_ _pcomp p),
ow, r (w,p)

7This ensures that the aggregate expenditure function is differentiable.
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and the agqregate compensated demand satisfies

aT(’LU,pC) _ pcomp c
W = E; ('w,p )

Moreover, since the aggregate expenditure function is homogeneous of degree one in wages and
prices,
T(w,p) = Y (B (w, ) — w0, L (w,p°) ).

r

In words, the derivatives of the aggregate expenditure function reveal compensated
supply and demand functions, and since expenditures are homogeneous of degree one,
these derivatives can also be used to reconstruct aggregate expenditures. The next result
shows that the aggregate compensated supply and demand functions, or equivalently the
aggregate expenditure function, can be used to calculate A.

3.2.2 Calculating Aggregate Welfare Using Compensated Supply and Demand

The next result uses the compensated supply and demand functions to solve for A.

Theorem 1 (Aggregate Welfare using Compensated Equilibrium). TFP-equivalent aggre-
gate surplus, A, solves

Y (w/A,p°) = Y (w,/ A) L (w/ A, p), (11)

r

where prices clear the modified market clearing conditions

E"(w/Ap) = Py ifr €R - and  pi Y xi=puyiifie N, (12)
JECEN

and wages clear the modified labor market clearing conditions
v ( > li’) = LM (w/ A,p°). (13)
i€EC+N

In these market clearing conditions, the firm side consisting of intermediate input demand, factor
demand, and production technologies is the same as in the decentralized equilibrium.

The wages, prices, and quantities that satisfy these conditions are not the same as
the ones in the decentralized equilibrium. We call the collection of prices, wages, and
quantities that satisfy the conditions in Theorem 1 the compensated equilibrium.
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Intuitively, in the compensated equilibrium, we replace household supply and de-
mand functions by their compensated variants in (12) and (13). We then adjust total factor
endowments, via A, to ensure that total spending equals total earnings (11). Equivalently,
we adjust factor endowments to ensure that lump-sum transfers across households add
up to zero. Hence, conditional on knowing the aggregate compensated supply and de-
mand functions L™P and E“°™P, solving for a compensated equilibrium is only slightly
more difficult than solving for a competitive equilibrium — there is only one additional
equation, (11), and one additional unknown, A.

Note that (11) is equivalent to saying that 1/ A is the level of TFP that sets net aggregate

expenditures (spending in excess of income) to zero:
T(w/A,p°) =0.

The wages and consumption prices in this expression are the ones in a compensated equi-
librium where we use compensated aggregate labor supply and demand in the equilib-
rium conditions. Compensated supply and demand are evaluated at w/ A because those
are the wages households face per efficiency unit of labor that they supply. Since the ag-
gregate compensated supply and demand functions are themselves partial derivatives of
the aggregate expenditure function (Proposition 2), the aggregate expenditure function
carries all the information from the household-side of the model needed to compute A.

We illustrate Theorem 1 using a simple example.

Example 3 (Compensated Equilibrium in One-Good Economy). Consider the economy
described in Examples 1 and 2: there is a single freely-traded consumption good pro-
duced linearly from labor in region r with productivity z,. Applying Theorem 1 is simple
in this economy since the real wage (per efficiency unit) in each location in the compen-
sated equilibrium is equal to exogenous parameters: z,. Hence, (11) can be rearranged

as

AL L (z/A) X, [z = rldh

= = 14
LET(z/A) L el = rldn’ .

which is the ratio of production (given the technologies at z but compensated locations)
and the amount of consumption necessary to keep everyone indifferent at those locations.
By Proposition 1, the compensated location choice of agent & is

comp -
L= = arg max {z:/A—¢p}.
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This is a simple numerical problem. For example, we first solve for l;omp agent-by-agent
given a conjectured value of A, and then use (14) to update the value of A until we reach

a fixed point.

The requirement that compensating transfers sum to zero also gives A an interpreta-
tion in terms of producer and consumer surplus. Households supply labor and consume
goods, so changes in effective wages and consumption prices generate producer- and
consumer-surplus gains, respectively. The following corollary shows that scaling factor
productivity by 1/ A makes these gains sum to zero in the compensated equilibrium.

Corollary 1 (Consumer and producer surplus). The change in aggregate welfare, A, is the ad-
justment in factor productivity that makes the sum of producer- and consumer-surplus for house-
holds equal to zero in the compensated equilibrium. Formally, let z(t), for t € [0, 1], trace a path
from 2° to z, and suppose the associated compensated equilibrium varies smoothly along this path.

Then
comp wr
/ LU ( AT )dH—

Producer- surplus gains Consumer-surplus gains

/ ZEcomp dloi}i;r( ) dt| =0, (15)

where w,(t) and pt(t) are wages and prices in the compensated equilibrium.

The first integral accumulates changes in the area above compensated factor supply
and below effective wages. The second accumulates changes in the area below compen-
sated consumption demand and above consumption prices. The role of A is to adjust
productive capacity until the combined producer- and consumer-surplus gain is zero. If
the shock generates a surplus, factor endowments can be contracted by 1/A < 1 until
that surplus is exhausted. If the shock generates a loss, factor endowments must instead

expand.

Proof. By Proposition 2, the following is an identity:

fpeomp
=Y L™ d(w,/A) + ) = dpL.
r r r
Integrating and using T(w(t)/A(t), p°(t)) = 0 at both endpoints, gives (15). O

Now, we consider a special case where aggregate surplus can be computed from the

uncompensated aggregate supply function directly.
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Proposition 3 (Aggregate Welfare from Uncompensated Labor Supply). Suppose all house-
holds consume the same good and preferences can be represented by uy,(c,r) = fi,(c + €y, ), where
fi, is strictly increasing. Normalize the consumption price to one, and let L,(w) denote uncom-
pensated aggregate labor supply as a function of effective real wages.

The compensated equilibrium has the same wages, production, and aggregate labor supplies as
the decentralized equilibrium with aggregate factor productivity 1/ A. Along the path in Corol-
lary 1, aggregate welfare satisfies

e Go)a (i) = =

Thus, A can be computed using only uncompensated labor supply and the production side of the

economty.

Proposition 3 follows from two simplifications. First, the restriction that there be only
one consumption good means that a lump-sum transfer adds the same amount to con-
sumption in every location and, given the restriction on preferences, this leaves each
household’s location choice unchanged. Hence, the first simplification is that the compen-
sated and uncompensated labor supply coincide. Second, because everyone consumes
the same good, redistributing income across locations does not change the composition
of aggregate demand or relative prices in equilibrium. We can therefore use the ordinary
equilibrium conditions and determine A by using Corollary 1, which requires that the net
surplus be zero. In this example, this simplifies to (16) using the uncompensated labor
supply function.!8

The following example illustrates Proposition 3.

Example 4 (Surplus in the One-Good Economy). Consider Example 1 again: there is one
common and freely traded consumption good made linearly from labor in each location,
which we take as the numeraire. In this economy, effective real wages are pinned down
by productivity parameters only: w,/(ApS) = z,/A. Suppose that preferences take the

18In Appendix A.3 we show that under the assumptions of Proposition 3, A can also be computed using
a utilitarian social welfare function U (w/p®) = E[max;, ay, wy, / plch + €p,1,] where ay,w, /p; is real con-
sumption of household & when choosing location r. This specific utilitarian function U is called the “Social
Surplus Function” in the discrete choice literature (see McFadden, 1981). The reason is that, by the Williams-
Daly-Zachary theorem, the social surplus function is the integral of uncompensated labor supply. Under
the assumptions of Proposition 3, the compensated and uncompensated labor supply coincide, so the social
surplus function is also the integral of compensated supply. Hence, by a similar logic to (16), U(w/p°) can
be used to determine A. However, if the assumptions of Proposition 3 do not hold, then the social surplus
function cannot in general be used to compute A.
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form in Proposition 3, so that we can use the uncompensated supply function in place of
the compensated supply function. This implies that A is pinned down by:

LR G G-

If we know the functional form for the uncompensated supply function, then the equation

above is a single nonlinear equation that pins down A. For example, suppose preferences
take the form uy(cp,ly) = fu(ch + €n,), where €y, are independently drawn from type-
I extreme-value (i.e., Gumbel) distributions. Following McFadden (1973), the aggregate

uncompensated labor supply in each location is

__exp(6Zw,/p° + By)
" Y exp(0Zw, /p¢ + By)’

(17)

where 6 and { B, } are parameters. With this functional form, we can evaluate the integral

in closed-form as:
ZT 0
lo exp (60— + B, ) =1lo exp (0z. + B, ) . 18
g Lexp (05 + Br) = log Lexp (020 + Br) (18)

This nonlinear equation pins down A.

3.3 From Uncompensated to Compensated Choices

Proposition 3 shows that under some strong assumptions, we can avoid carrying out the
compensation calculations because transfers do not change household choices. Outside
of this special case, Theorem 1 and Proposition 2 show that the aggregate expenditure
function T (w, p°) summarizes the household side of the model for the purposes of com-
puting A. To evaluate the aggregate expenditure function, one can always use Definition 4
combined with Proposition 1. In other words: simulate a large population of agents, com-
pute their individual expenditure functions and compensated choices, given wages and
prices, then add up the results. We now show that, more generally, the aggregate net
expenditure function can be recovered from uncompensated choices, without simulating
individual households.

For simplicity, we focus on the case without skill-heterogeneity. This implies that

agents make different choices only due to differences in tastes. If agents have different
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skills, then the same ideas apply, but conditional on skill level.

Assumption 1 (Homogeneous Skills). Suppose that skills do not vary across households:
ap, = ar for every h € H and r € R. Without loss of generality, we normalize a, = 1 for
every r € R.

Let L,(c) denote uncompensated labor supply in location r as a function of a vector
of consumption across locations, ¢ = (cy, ..., cr). Given wages, consumption prices, and
a common lump-sum transfer T, consumption in location r is ¢, = (w, + T)/pS (under
the assumption a;, = 1). The following proposition shows that uncompensated labor
supply pins down the aggregate expenditure function T (w, p¢) and, hence, the aggregate

compensated supply and demand functions.

Proposition 4 (Aggregate Expenditure Function from Uncompensated Labor Supply).
Suppose that lump-sum transfers in the status quo are zero and that Assumption 1 holds. The

aggregate expenditure function is given by

. . T’Tllll(
T(w,p°) = T™" (w, p°) + ZLV l s W T x] dx, (19)
Tml?’l w p r 7
where
¢(x) = max {69, i -l_ a } ,
pr
and

Tmin(w, p(:) = min {P$C9 — wr} , Tmax(w, pC) = max {pﬁcg — wr} .
r r

Equation (19) can be understood as follows. For a given transfer x, the number ¢,(x)
is the larger of status-quo consumption in location , c?, and counterfactual consumption
after transfer x. Households who, facing the vector ¢(x), choose a location where the
first term is larger are those for whom x is not sufficient compensation to make them
indifferent to the status quo. Therefore, the sum inside the integral (19) is the share of
households that require a compensating transfer greater than x. This step uses an insight
from Bhattacharya (2015, 2018). The result then follows from the tail-sum formula for
expectations which relates the expectation of a random variable, in this case f Ty,dh, to its
countercumulative distribution function, in this case the share of households for whom
T}, is greater than x. For more details, see the proof in Appendix A.1.

Proposition 4 is useful because it shows that to calculate aggregate welfare, A, the ag-
gregate uncompensated labor supply function L, is a sufficient statistic for the household
side of the model. In particular, one does not need to specify individual-level preferences
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or estimate micro-level labor supply. Instead, one can directly estimate aggregate uncom-
pensated labor supply from aggregate (that is, market-level) variation in employment in
response to exogenous changes in real wages.

It is straightforward to extend Proposition 4 to heterogeneous skills by applying the
result within each skill type and then aggregating across types.

4 Hulten’s Theorem and Beyond

In this section, we characterize aggregate welfare exactly as a cumulative sales-weighted
sum of productivity changes in a compensated equilibrium. We then derive first- and
second-order approximations and identify the expenditure shares and substitution elas-

ticities needed to compute them.

Theorem 2 (Nonlinear Hulten’s Theorem). Let z(t), for t € [0, 1], trace any smooth path from
2% to 21, and suppose the associated compensated equilibrium varies smoothly along this path. Let
Aiomp (t) denote the sales of producer i relative to GDP in the compensated equilibrium at t. The
TFP-equivalent welfare change is

1 dlogz;
_ comp ¢ 4108 2i
logA—/O Ei A (s) s ds. (20)

In words, the TFP-equivalent welfare change is the chained Domar-weighted sum of
productivity shocks in the compensated equilibrium.!® At the status quo, t = 0, compen-
sated Domar weights coincide with decentralized Domar weights Afomp(O) = A?.ZO This
allows us to establish the following useful corollary of Theorem 2.

Corollary 2 (First-Order Hulten’s Theorem). To a first-order approximation in Alogz =
log z — log z° , the TFP-equivalent welfare change satisfies

log A~ Y AAlogz;,
i

where AY is the observed sales of i divided by GDP in the decentralized equilibrium at the status
quo.

9In Appendix B.4, we show that Theorem 2 can be used to compute A as a solution to a system of ordi-
nary differential equations. Solving these differential equations requires knowledge of expenditure shares
(including the input-output table) at the status quo, as well as substitution elasticities (those in production,
as well as the compensated supply and demand systems).

20This is because the decentralized equilibrium is Pareto efficient (the first welfare theorem holds), and
hence, A(0) = 1 and the decentralized equilibrium supports the compensated allocation with no additional
transfers needed.
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Thus, to first order, aggregate welfare growth equals the sum of producers’ productiv-
ity growth weighted by their initial sales relative to GDP. This coincides with multi-factor
productivity growth measured using quality-adjusted labor inputs. We return to this rela-
tionship between A and multifactor productivity growth in Section 6.1 where we compare
A to real GDP.

Corollary 2 is a generalization of Hulten’s theorem to economies with discrete choice.
Using Theorem 2 beyond first-order approximations requires knowledge of sales shares,
AP

. (t), in the compensated equilibrium away from status quo f > 0. This is easy to do,
using standard methods, similar to Baqaee and Farhi (2024), if we know the elasticities

of compensated supply and demand. Under some assumptions, we can guarantee that

A comp
i

into an exact nonlinear expression.

is constant in the compensated equilibrium, which allows us to turn Corollary 2

Corollary 3 (Cobb-Douglas Economies with Common Consumption). Suppose that all pro-
duction functions are Cobb-Douglas, that there is a single freely traded consumption good, pro-
duced using a Cobb-Douglas technology. Then

log A =Y A?logz; — logzy)].
i

Conditional on initial sales shares, no additional information about preferences, skills, or the input-
output structure is needed.

Cobb-Douglas technologies keep producers’ input expenditure shares fixed. With a
common consumption good, redistribution across households does not change the com-
position of aggregate final demand. Consequently, Domar weights remain constant along
the compensated equilibrium path and can be taken outside the integral in (20).

In general, however, the compensated sales shares do respond to changes in produc-
tivity shifters in the compensated equilibrium. The next result quantifies these nonlinear
effects.

Corollary 4 (Second-Order Approximation). To a second-order approximation in productivity
shocks, the TFP-equivalent welfare change satisfies

1
Alog A ~ ZA?Alog Zit 5 ZAAjom”Alog z,
1

1

where A/\fomp is the first-order change in the i’s sales-to-GDP ratio due to the productivity shocks
in the compensated equilibrium.
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The intuition is very similar to the formulas derived by Baqaee and Farhi (2019) for
an economy without discrete choice. If sales shares in the compensated equilibrium rise
in response to positive productivity shocks, then aggregate welfare rises more quickly
than its first-order approximation would suggest. If sales shares fall, then the reverse
happens. In Appendix B.3, we show how to solve out for the change in compensated
sales shares, A)Lfomp, in terms of the initial expenditure shares (the input-output table)
and uncompensated price and wage elasticities of supply and demand.

We illustrate Corollary 4 with a simple example.

Example 5 (Second-Order Approximation in One-Good Economy). Consider again the
one-good economy described in Example 1. Applying Corollary 4 to the one-good econ-
omy we get that, to a second-order,

Alog A ~ E,[Alogz] + % [Var, (Alogz) + Covy (Alog L™, Alogz)], (21)

where the variance and covariance operators use as weights the initial sales shares A! =
2019/ ¥, 2019, which sum to one. We also use the fact that dlog A;"" " = (dlog(z, Ly ) —
E, [d1log(zL®™P)]). In words, (21) states that the nonlinear change in aggregate welfare
depends on the variance of the shocks and the covariance of compensated migrations
with the shocks. The variance term reflects the fact that, even if households are not mo-
bile, an increase in productivity in one location raises that location’s sales share, which
magnifies the value of positive productivity growth in that location relative to the loglin-
ear approximation. The covariance reflects the fact that if, in the compensated equilib-
rium, households move to locations experiencing more rapid productivity growth, then
this further boosts the compensated sales shares of producers in that location, and raises
aggregate welfare.

To illustrate further, let us consider a specific example. Suppose that uy(c;,1r) =
fn(Brcyeny), where fy, is strictly increasing, €, is i.i.d. unit-scale Fréchet distributed with
shape parameter 6, and the parameters { B, } control the desirability of living in each loca-
tion. Following Redding and Rossi-Hansberg (2017), the share of households that choose

location r in the decentralized equilibrium takes an isoelastic form

(Brzy)"

Lr(Z) - Zr’(Br’Zr’)e .

(22)

For simplicity, suppose that initial productivities, z¥, are the same in every location. As
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mentioned above, Appendix B.3 (specifically Proposition 14) provides the elasticities of
compensated supply in terms of the elasticities of the uncompensated supply. In this
example, this yields

Alog L, =6 (Alogz, — E, [Alogz]).
Substituting this into the approximation for Alog A in (21) yields:
1
Alog A =~ E,[Alogz] + 5(1 +0)Var, (Alogz).

Holding initial sales shares fixed, a uniform productivity change has no second-order
correction. For uneven changes, the correction is positive and increases with the mobil-
ity elasticity 0. The term 1 captures changing sales shares even without relocation; the
term 6 captures the additional contribution of labor moving toward locations with larger

productivity gains.

5 Extensions

In this section, we provide some extensions to the basic framework. We show how to
extend the framework to allow for externalities and market imperfections and how to
analyze aggregate surplus when compensation must use restricted policy instruments.
We end this section with a discussion of how to apply our framework to dynamic and

stochastic economies.

5.1 Externalities and Market Imperfections

In this section, we extend Theorem 1 to accommodate market imperfections and exter-
nalities. To do so, as in Baqaee and Farhi (2020), we model market imperfections using
reduced-form tax-like wedges between price and marginal costs. We then provide a one-
good economy example with externalities and study optimal policy.

The household block of the model is unchanged. Each agent chooses consumption
and location to maximize utility given prices, wages, and transfers.

We model externalities by allowing for spillovers or congestion in production. Sup-
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pose that the production function for i is
vi = ziF(xin, ... xin, O, - GRLR),

where F; is constant returns to scale, x;; are intermediate inputs, and [;; is efficiency units
of labor r used by i. Let ¢;, = l;,/Z denote i’s employment of labor r not including the
aggregate scaling factor Z. The parameter «;, captures the externality not internalized by
producers of i from employing workers of type r. Individual producers take aggregate
employment ¢;, as given when choosing inputs. If a; > 0, then the externality is positive
and if a;, < 0, itis negative.21
Producers minimize the cost of producing their output, taking input prices and the
externality as given. Let mc; denote (private) marginal cost of i and suppose that the
price of good i is given by
pi = pimc;, (23)

where y; > 0 is a tax, markup, or any other wedge between price and marginal cost
for producer i.22 Lump-sum transfers across households must equal total profits and net
revenues generated by the wedges,

1

/ Tydh =Y piyi <1 - f) . (24)
i Hi

In the decentralized equilibrium, transfers are distributed across households according to

some rule. We now define an equilibrium with wedges.

Definition 5 (Equilibrium with Wedges). An equilibrium is a collection of consumptions,
cp, location choices, I, transfers, {T},}, outputs, y;, input choices, {xij, lir}, prices, p;, and
wages, wy, such that each agent chooses consumption and location to maximize utility
subject to their budget constraint, producers choose inputs to minimize costs given their
output and taking prices and the externality terms as given, prices satisfy (23), transfers
add up to net revenues generated by the wedges as in (24), and all markets clear (6) and

().

2IThe fact that the externality applies to ¢;,, which is employment not including the scaling factor Z,
means that scaling Z, holding the allocation constant, does not mechanically trigger the externality. If
workers have homogeneous skills, then ¢;, is the number of workers of type r employed by i, rather than
the efficiency units of labor employed.

22Even though we assume that wedges are on gross output only, this is without loss of generality. This is
because we can recreate buyer-seller specific wedges by treating firm i’s purchases of an input from j as a
distinct good (made linearly using j’s output). A wedge on this good is then isomorphic to a buyer-seller
wedge.
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The baseline competitive equilibrium obtains when p = 1 and «; = 0 for every i
and r. Define the set of feasible allocations given productivity shifters z, wedges u, and
aggregate factor-augmenting productivity Z to be

C(z,p,Z) = {{cp, Iy}, supported via equilibrium given z, p, Z, and some transfers. }

Aggregate surplus A is defined exactly as in Equation (9) but using C(z, p, Z) in place of
the set of feasible allocations in the competitive equilibrium.

We can calculate A using a compensated equilibrium with wedges, extending the
results in Section 3.2. In the compensated equilibrium with wedges, every agent re-
ceives a transfer that keeps them indifferent, the sum of transfers equals total profits
and net revenues generated by the wedges, and TFP is contracted by A. Compensated
choices, l;omp(Z'w, p°) and the net expenditure function, T,(Zw, p°) are obtained using
Proposition 1, and these individual choices are aggregated to get location-level variables,
L,""P(Zw, p¢) and E;°"F (Zw, p°), exactly as in the baseline model without wedges. The
generalization of Theorem 1 is:

Theorem 3 (Aggregate Welfare with Wedges). Aggregate surplus in TFP-equivalent terms,
A, solves

com c com c 1
Y E"(w/A,p) =Y (w, /AL (w/A,p )+ ) pivi (1 - E) , (25)

where prices clear the modified market clearing conditions

E(w/A,pY) = piyey fr€R - and  p;i Y xji=pyiifi € N. (26)
JECHN

and wages clear the modified labor market clearing conditions
Wy ( ) zir> = Zw,L,""" (w/ A, p°). (27)
i€eC+N

In these market clearing conditions, the firm side consisting of intermediate input demand, factor
demand, and production technologies including externalities is the same as in the decentralized
equilibrium. All quantities and costs are evaluated in the compensated equilibrium, where Z =
1/A.

The proof follows the same steps as in Theorem 1, using the transfer-budget condition
(24) in place of zero aggregate transfers.
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We use the one-good economy to show how the framework discussed above can in-

corporate agglomeration externalities.

Example 6 (One-Good Economy with Externalities). Consider again the one-good econ-
omy described in Example 1. There is one freely traded consumption good produced

from labor, and production in location r is given by
Yr = Zrefflm

where z, is a parameter and /, is the measure of agents in location r. Since type-r labor is
only employed by producers of r, the measure of agents employed by r is the same as the
supply of workers of that type: ¢, = L,. The baseline model, without externalities, has
« = 0. Combining labor supply and demand, I/, = ZL,, production in location r is

Yr = Zz,L;L,.

The wage per efficiency unit, in the decentralized equilibrium, is w, = z,L}, which is now
endogenous because of the externality.

Applying Theorem 3 yields the following expression for A:

Y w L™ (w/A) X, [w "™ = rldh

= 2
L ET P (w/A) X [l = rldh )

where
w, =z, (L))"

The same solution algorithm as before applies, with an extra fixed point, where the local
wage w, depends on compensated labor supply because of the externality.??

Since Theorem 3 shows that aggregate welfare can be represented as an aggregate TFP
shock in a compensated equilibrium, we can port the analyses of distorted economies
with continuous choice, like the results of Petrin and Levinsohn (2012) or Bagaee and
Farhi (2020), into distorted discrete choice economies. For example, we can generalize the
Hulten-style result in Corollary 2 beyond the perfectly competitive case.

231f there are multiple solutions, we must use the one that implies the highest value of A.
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Proposition 5 (Hulten’s Theorem with Distortions). The total derivative of aggregate welfare,
A, in response to changes in productivities d log z and wedges d log p is

1 Aj 1
(1-Y Ai(1— ;))dlogA = Zjdlogzi +Y Ai(1- ;)dlogyi + Y Apjpdlog Uiy,
i i 7 M i i ir

where Ajy is i’s wage bill for labor r divided by GDP, dlog y; is the first-order change in its output,
and dlog {;, is i’s change in employment of labor r. Every variable is evaluated in the compensated
equilibrium.

The coefficient on the left is primary factors’ share of GDP. The three terms on the right
capture direct productivity gains, changes in output interacting with existing wedges,
and employment changes that generate externalities. When uo = 1 and a = 0, this
collapses to Corollary 2. However, in the presence of pre-existing distortions or external-
ities, this expression shows that how a shock changes aggregate welfare depends on how
it interacts with pre-existing distortions and externalities, exactly as in the intuition from
classical continuous choice economies discussed by Harberger (1964).

The following example illustrates how Proposition 5 can be used to study counterfac-
tuals, including optimal policy.

Example 7 (One-Good Economy). Consider again the one-good economy described in
Example 6. Consider a policymaker who chooses production taxes, y, in each location r,
and has the objective of maximizing total surplus as measured by A. From Proposition 5,

setting the policymaker’s first-order condition to zero requires that
1 Ar
0=Y A(1——)dlogy, +)_ ~adlogt,,
r Hr r Hr

where dlogy, and dlog/, are changes in quantities of goods and employment in the
compensated equilibrium in response to changes in wedges and A/, is the wage bill
of r relative to GDP in the compensated equilibrium. The production technology implies
thatdlogy, = (1+a)dlog ¥, —dlog A = (1+ a)dlog ¢, at the optimum, since dlog A = 0
at this point. Substituting this in we get the first-order condition:

0=Y"A (1= D) +a)+ X dloge.

r Ur
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This condition is satisfied by the Pigouvian taxes or subsidies
ur=1/(1+a).

This makes the wage w, = (1 + a)z,L¥, which equates the wage to the social marginal
product of labor and causes firms to internalize the externality. If there is a positive exter-
nality, « > 0, then production is subsidized, and if the externality is negative, « < 0, then
it is taxed. If there are no externalities, « = 0, then this policymaker does not intervene in

the decentralized equilibrium.?

5.2 Restricted Compensations

In our baseline, we measure aggregate economic surplus left if winners were to compen-
sate losers using lump-sum transfers. This provides a conceptually clean benchmark,
but represents a kind of upper-bound for realizable surplus, since costless lump-sum
transfers may not be available. However, our definition of aggregate surplus can eas-
ily be extended to cases where individual-level lump-sum transfers are not available. We
demonstrate this using place-based compensations.

That is, suppose that instead of individual-specific lump-sum transfers, location-level
consumption subsidy rates, denoted by 7;, can be applied to households that choose lo-

cation r. In this case, the budget constraint of agent & is now:

Y A=m)prenl(ly=1]=Z) wapl[l,=r+T,
r

r

where T is a uniform lump-sum transfer (the same for all households). Budget balance

requires that

T = —/anﬁchl (I, = r]dh. (29)

All other conditions defining equilibrium are the same as in Section 2. We can now de-
fine the feasible set of allocations that can be supported using these place-based policy

instruments:

CP"(2,Z) = {{cp, Iy }ner supported via equilibrium given z, Z, and some consumption subsidies} .

24In Section 6, we contrast this simple and intuitive policy with the optimal policies implied by maximiz-
ing average utility, which does not typically take this Pigouvian formulation.
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Given this feasible set, we can use (9), but replace the set of allocations given lump-
sum transfers, C(z, Z), by the set of allocations given place-based consumption subsidies,
CP(z, 7).

Definition 6. With place-based compensation, the aggregate surplus generated by the
change, in TFP-equivalent terms, is

APP = max {Z_l AenIntpen € CPP(z,Z) and (cy, 1) =5 (cg, 12) for every h} (30)

where ¢) and I are the consumption and location of / in the status quo.

To see how this works in practice, consider the one-good economy of Example 1. As
we show below, since compensation now varies by location, rather than individual, solv-
ing for AP’ may actually be much more straightforward. We illustrate this using the
example below.

Example 8 (One-Good Economy with Place-Based Compensation). Consider the one-
good economy in Example 1 again: there is a single freely-traded consumption good
produced linearly from labor, and productivity in each location r is z,. To calculate AP?,
rearrange the budget-balance condition, (29), as

_ Yywle Yozl
Y, peerLy Y o

z 1 (31)
where ¢, denotes per-capita consumption in location r, and we use the fact that the real
wage in location r is equal to z, in this one-good economy. Using equations (30) and (31),
we can write

zrLy(c
APY = max {er—r() tup(cy, ey, In(e)) = u)) for every h € H} ,
where L, (c¢) is labor supply in location r as a function of the vector of location-level per
capita consumption c.
If, in the solution to the problem above, for every location r € R, some agent h €
H stays in the same location as in the status quo and all locations are non-empty, then

compensating the stayers requires ensuring that consumption per capita in each location
is at least as high as in the status quo. Hence, we can replace the H inequalities above
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with just R inequalities:

APP — max
C

{D zrLr(c)

ST e, > D for ever rER}.
Yycrle(e) T Y
This is a relatively simple constrained maximization problem given the supply function.

To make it more concrete, suppose that L(c) is the isoelastic labor supply function:

c;

Zr’ Cf/ '

Ly(c) =

Then, it is straightforward to show that the solution to APP satisfies:?

pb 0 0 Zy
Cy — max-«< z,, mAPb

0
Z:’q/pir < % for every r, then the solution sets con-
0

. . . . b
sumption in each location equal to its status quo value ¢}’ = z0.

If the shocks are sufficiently small,

This is achieved by
scaling aggregate factor productivity by 1/ AP’ and setting consumption subsidy rates
appropriately. Since consumption is equal to its status-quo value in every location, no
agent switches locations, and hence every agent is exactly indifferent to the status-quo.

However, if region r experiences much faster productivity growth than average — in the
zr/ 29
APb
incentivize additional workers to move there. In this case, stayers in region r are strictly

sense that > %41 then consumption in region r must exceed its status-quo level to
0 P g q

better off than in the status quo. Given the optimal choices c”’ and the implied labor
supplies L,(cP?), the place-based aggregate welfare measure AP’ is obtained from (31).

To a first-order approximation, AP? and A coincide in a perfectly competitive model if

transfers are zero in the initial decentralized equilibrium associated with the status quo.

Proposition 6 (Hulten’s Theorem with Place-Based Compensations). Suppose the status
quo has no wedges or externalities and all household transfers are zero. To a first-order approxima-

25Gubstituting the isoelastic shares into the objective and using ¢? = 29 gives
g ] & Cr r 8

0
- m Zr ZrCy

APY = max .
(o>} L, it

By Dinkelbach (1967), its optimizer also maximizes Y, |z,cf — Apbcf“} . This problem is separable across

. . . . . b
locations. The first-order condition, together with ¢, > 29, gives cf = max {29, % AZ; }
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tion in Alog z = log z — log 2°, the TFP-equivalent welfare change with place-based compensa-
tions satisfies
log AP’ ~ log A =~ }_ AAlogz;,
i

where AY is the sales-to-GDP ratio of i in the decentralized equilibrium at the status quo.

Intuitively, place-based compensations introduce distortions into the economy. How-
ever, the social costs of these distortions are second-order starting at an efficient equilib-
rium. Hence, to a first-order, A and AP? coincide.

5.3 Dynamic Stochastic Economies

We end this section with a brief description of the relevance of our framework for dy-
namic stochastic economies.?® With preferences defined over complete time- and state-
contingent plans and complete contingent markets, the compensated-equilibrium con-
struction and Hulten formulas apply using date-0 Arrow-Debreu prices to value sales
and GDP. In other words, we expand the commodity space and allow commodities and
locations to be state-contingent streams. So, for example, [; is now a potentially state-
contingent vector of location choices over h’s entire life. With this relabeling, the results
in Section 3 and Section 4 apply to dynamic stochastic economies without change. If
the dynamic stochastic economy has incomplete financial markets, then one can use the
results in Section 5.1, where financial market incompleteness is captured via household-
time-state-specific wedges as in settings with continuous choice (see, e.g., Baqaee and
Burstein, 2025b).

6 Comparison to Other Aggregate Measures

In this section, we compare our measure of aggregate welfare with three alternative ag-
gregate measures that are popular in the literature. In Section 6.1, we relate our measure
to real GDP as measured in the national accounts. In Section 6.2, we compare our results
to the sum of compensating variations, previously analyzed by Small and Rosen (1981) in
a discrete-choice context. Finally, in Section 6.3, we contrast our measure with the popular
utilitarian or average utility measure frequently used in the spatial economics literature.
We show, using theory and quantitative examples, that these alternative measures have

serious flaws.

26Gee, for example, Dix-Carneiro (2014) and Caliendo et al. (2019) for dynamic discrete-choice models of
trade and labor reallocation.
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6.1 Real GDP

We contrast changes in aggregate welfare, measured via A, with changes in real GDP (or

real consumption), as measured in the national accounts.

Definition 7 (Real GDP). To a first-order approximation, the change in real GDP is the
share-weighted sum of changes in final consumption quantities:

0 0

p . C
logY = Y. —W " _AlogC,
reR L' Pepny Sy

where C, = [ ¢;1[l;, = r]dh is total consumption in location .%

Using Hulten (1978), we can write real GDP as:

~ OAlogz + )" P
logY ~ ieczm A Alogz; + ; ) AL,.
Holding factor supplies fixed, real GDP responds positively to productivity growth. Hold-
ing productivities fixed, real GDP benefits from relocations of labor from lower-wage to-
wards higher-wage locations. These labor relocations, AL,, are endogenous and require
solving the general equilibrium model.

Note that unlike A, real output does not respect the Pareto principle. A shock can
make every household better off, and cause real GDP to decline. To see this, consider
a positive productivity shock to a low-wage location. In this case, output can fall if the
shock induces large flows out of high-wage locations into the still-low-wage location.?®
Intuitively, because agents care about amenities, they may move to a lower-wage region
and this reduces production even though every agent is made (weakly) better off.

In contrast, aggregate welfare, A, does not respond to relocations to a first order (see
Corollary 2). If households choose to move from high- to low-wage locations, this has
no first-order effect on aggregate welfare. The change in wages experienced by movers

ZTechnically, different definitions of real GDP using different index number formulas (e.g. Laspeyres,
Paasche, Tornqvist, Divisia, etc.) may disagree with each other at higher orders of approximation. How-
ever, they all coincide to a first-order approximation, and for our purposes in this section, a first-order
approximation suffices.

Z8For an explicit example, consider the one-good economy with isoelastic labor supply, as in Example 5,
the elasticity of real output with respect to a productivity shock is

AlogY w?L9 w! 0
A 00 0 0 — 1| Lr-
Alogz, Yrew Ly Y wpLy

This elasticity can be negative if 6 is high and w, relatively low.
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is exactly offset by the change in the amenity value of the move. Hence, whereas real
output changes due to the changes in location choices, aggregate welfare does not. We
summarize this in the proposition below.

Proposition 7 (First-Order Difference between Real GDP and Welfare). To a first-order ap-
proximation, the difference between real GDP and TFP-equivalent agqregate surplus is given by
the change in income caused by relocation:

w?
AlogY —Alog A~ )

T AL
T
r Zr/ wg/ L?/

Recall that multifactor productivity is defined to be the difference between real GDP
growth and the growth in quality-adjusted labor inputs:

0

Alog AMEP ~ AlogY — ) @ AL;.

p
T Yy w,(,)/L,(,)/
Hence, Proposition 7 implies that, in perfectly competitive economies, aggregate welfare
is correctly measured by multifactor productivity growth to a first-order approximation:
Alog AMFP ~ Alog A. That is, once we separate changes in real GDP due to technology
shocks from changes due to relocation, then multi-factor productivity, as measured by
a national income accountant, coincides to a first-order with our measure of aggregate
welfare. This equivalence can break down beyond a first-order approximation.

We close with an important and tractable special case. Suppose there is no amenity
value associated with different locations, and that there is a single consumption good.
Agents can have idiosyncratic skills by location, so that a;, can vary as a function of both
h and r. In this case, real GDP, Y, and our measure of aggregate welfare, A, coincide.
These assumptions hold in many models of occupational choice, but are less likely to
hold in spatial models.

Corollary 5 (Coincidence of real GDP and aggregate welfare). Suppose there is a common

consumption good (consumed in every location), and that >, ranks (cy, 1) only by cy,. Then
A=Y,

This follows from the fact that under these assumptions, every household chooses
location to maximize nominal income, so marginal relocations do not contribute to the

change in maximized nominal income (by the envelope theorem), which implies that
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log Y = log AMFP The result then follows from Proposition 7.2

6.2 Sum of Compensating Variations

In partial equilibrium contexts, where there is an outside good, sometimes called “money”,
a common measure of aggregate welfare is the sum of compensating variations (see, e.g.,
Small and Rosen, 1981). Using our notation, this measure is:

S=—-T(w,p) = — / Ty (w, p©)dh,

where wages and prices, w and p©, are evaluated in the counterfactual decentralized equi-
librium instead of the compensated equilibrium. In words, this is the amount of money
left, in terms of the numeraire, after winners from a shock exactly compensate the losers,
holding prices and wages constant at their new values in the decentralized equilibrium.>

We discuss this measure in more detail in Appendix D.2. If prices and wages are
exogenous (e.g. as in partial equilibrium settings), then S and A are very similar, since
one is defined by S + T(w, p°) = 0 and the other is defined by T(w/ A, p¢) = 0. Indeed,
when prices and wages are exogenous, it can be shown that S measures an improvement
if, and only if, A measures an improvement.

However, when wages and prices are endogenous, the sum of compensating varia-
tions, S, can mistake redistribution for efficiency gains. It values gains and losses at the
new prices, but compensating losers can itself change relative prices and completely elim-
inate an apparent surplus. As the following example shows, maximizing this measure can

therefore favor extreme redistribution even when it creates no efficiency gains.

Example 9 (Maximizing the sum of compensating variations). Consider an economy
with two locations, and households are evenly split living across the two locations. Labor
supply is isoelastic, as in Example 5, with elasticity 6. In each location r, a competitive
firm produces good r one-for-one from local labor and goods are freely traded. The con-
sumption good in each region is Cobb—Douglas with a home share of g > 1/2.

21f we define real GDP using a chained Divisia index, then Corollary 5 can be strengthened into a global
statement. That is, under the assumptions of Corollary 5, a Divisia measure of real GDP nonlinearly coin-
cides with aggregate welfare A.

30 An unimportant difference between the sum of compensating variations and A is that the former is
measured in dollars, whereas A is unit-free, being defined as a ratio. In Appendix D.2 we show that the
conclusions of this section do not hinge on this distinction.
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Figure 1: Distorting redistributive taxes raise S but lower A.
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Notes: The mobility elasticity is 8 = 0.1, the local-good share is § = 3/4. The lower axis varies the
labor-income tax in location 1; the upper axis shows the budget-balancing tax in location 2. Negative
tax rates are subsidies.

Suppose that a policymaker has access to place-based labor-income tax rates 7y and 1,
where a negative rate is a subsidy. Household /’s after-tax income is (1 — 7, )w;, , and gov-
ernment budget balance requires TywLy + owaLy = 031 The competitive equilibrium
with 71 = 7» = 0 is Pareto efficient, so any change in the taxes is purely redistributive to
a first-order, and causes distortions to second order.

Figure 1 shows how the sum of compensating variations, S, and our measure of ag-
gregate welfare, A, change in response to a labor tax on region 1 (with an off-setting tax
or subsidy on the other region to maintain budget balance). The policymaker that seeks
to maximize the sum of compensating variations, S, prefers to tax one region and subsi-
dize the other because this causes the sum of compensating variations to become positive,
even though this policy raises inequality and causes the equilibrium to become inefficient.
The apparent surplus arises because redistribution lowers the relative price of the good
favored by the loser. At those new prices, compensating the loser looks inexpensive and
so the sum of compensating variations is strictly positive. However, actually carrying out
compensation would change relative prices and, since the labor taxes are distorting, in

fact result in negative surplus. Our measure of aggregate welfare, A, correctly records

31In calculating S, we evaluate Tj, at the after-tax wages {(1 — 7, )w, }, holding wages, consumption prices,
and tax rates fixed.
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a decline in aggregate surplus if the policymaker chooses to use the distorting income

taxes.3?

6.3 Average Utility

We end this section by comparing our measure to aggregate welfare measured using the
cross-sectional average of utilities. In the spatial economies literature, this is by far the
most common way to evaluate aggregate welfare. We begin by defining this measure and
proving a non-identification result: the change in welfare according to an average utility
metric is not pinned down by ordinal preference relations. Next, we illustrate that these
issues matter quantitatively using a version of the Allen and Arkolakis (2014) economy
with heterogeneous tastes.

6.3.1 Definition and Non-Identification

Definition 8. Given real wages across locations, define average utility as

W(w/p°) = /

’ {maﬁ( uy (Ch,lhrlh)] dh =E {mai{( uy <ahlhwl,1/l9§h,lh>} , (32)

h€ lhE

where [E denotes the population-weighted cross-sectional average and ay, wy, / pj is house-
hold h’s consumption if location [}, is chosen. Although (32) is sometimes called “expected
utility,” the expectation is across households, not over lotteries faced by any household,
so the label is misleading.3?

Define the consumption-equivalent variation for a utilitarian social welfare function
to be the scalar A" that solves:

W(w/(p°AY)) = W(w’/p). (33)

32This phenomenon also occurs in general equilibrium models with continuous choice, where it is known
that pure redistributions can cause the sum of CVs to become positive (Boadway, 1974). See Baqaee and
Burstein (2025a) for more information in a continuous choice setting.

33 A von Neumann-Morgenstern expected utility function represents an ordinal preference relation over
lotteries of allocations; see Mas-Colell et al. (1995, Chapter 6). In this setting, households’ preferences are
defined over consumption-location bundles given preference parameters. Utility functions do not rank one
set of preference parameters, belonging to one household, against another set of preference parameters,
belonging to another household. A cross-sectional average of utilities is an expectation of utility values
across households with different preference parameters, so it is not formally a von Neumann-Morgenstern
expected utility function. For a discussion of these issues in a dynamic model where households have
state-dependent preferences, see Appendix D.4.
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The object in (32) is a social welfare function. It requires cardinal interpersonal utility
comparisons that are not disciplined by observed choices. Unlike our measure of ag-
gregate welfare A, this means that A" is not invariant to increasing transformations of
individual utility functions and that its value is not pinned down by observables. The
following proposition formalizes this idea.

Proposition 8 (Arbitrariness of average utility). Hold fixed the status-quo and counterfactual
wage and price vectors, households” ordinal preferences { >}, and hence their individual compen-
sating variations Ay, defined in (10). Then AW can be made equal to any value in the interval

min Ay, max Ay, |,
heH heH

depending on the cardinal utility representations, and always lies between these endpoints.

This proposition shows that A" can take any value inside the range spanned by in-
dividual compensating variations, depending on the choice of utility function represen-
tation.3* Thus, if the shock creates both winners and losers, then whether average utility
rises, falls, or stays the same depends on untestable assumptions about how ordinal pref-
erences are mapped into cardinal utilities.

One might imagine that if we restrict ourselves to a priori “reasonable” cardinaliza-
tions that treat households symmetrically, then A" may be pinned down, but this is not
true. The following example uses the popular isoelastic location-choice specification to
show that A" varies erratically across alternative, seemingly reasonable choices of util-
ity cardinalizations. Of course, all cardinalizations are observationally equivalent and

consistent with the same underlying preference relations.

6.3.2 Evidence from the Allen-Arkolakis Economy

To illustrate this issue, we use a version of the Allen and Arkolakis (2014) model, aug-
mented with taste heterogeneity. We show that the average utility gain associated with
shocks and policies is affected by arbitrary and untestable assumptions mapping ordinal

preference rankings into numerical utility values.

Sketch of model. Each location, 7, produces a differentiated good using labor with pro-

ductivity z,. Goods from 7’ sold to r are subject to iceberg cost 7,,,. Consumers in each

34Under some mild conditions—satisfied, for example, in the standard case where €y, have extreme value
distributions—the lower and upper bounds in Proposition 8 equal the smallest and largest proportional
changes in regional real wages between the status quo and the counterfactual equilibrium.
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location have CES preferences over goods from different origins with elasticity of substi-
tution ¢. The price of the consumption bundle in location r and the expenditure share in
location 7 on goods produced in region ' are

1—0 1 / (1 _0) = 1-0
c Ty Wyt Ty Wy / Zy!
pr - [Z ( ) ] ’ Arrl = ( ) _

7 Z?‘/ Zr” (Trr//w,,// /err)l v

Trade balance between locations implies that
wr/Lr/ = EArr/err.
r

Productivity may be subject to an externality that depends on regional population and is
governed by a parameter a:

Zy = z,L%.

The decentralized equilibrium is Pareto efficient if « = 0.
Heterogeneity in tastes is modeled using the preferences in Example 5. Agent & has

utility function
up(cr, 1) = fu (Brghrcr) ,

where ¢, is distributed according to a Fréchet distribution with shape parameter 6, B; is
a parameter that controls the desirability of location 7, and f}, is any arbitrary increasing
function. Typically, the literature assumes that fj,(x) = x so that

uy(cy, v) = Brcrep,.

Under this popular cardinalization, A" has a familiar closed-form solution:

W __ Zr(BrCr)e e
A= || Y

where ¢, = w,/p¢ and ¢? = w9/ p$° are consumption in the counterfactual and status-quo
equilibria. This is a widely used measure of aggregate welfare in spatial models.

However, other cardinalizations are equally valid. For example, suppose we write

€n
uh(Cr, T’) = Brcrm. (35)
T r

This has no implication for choices, but normalizes each agent’s vector of location-specific

tastes so that its highest value is one and all other values are below one. One can argue
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that this is a more “reasonable” cardinalization of utility because it does not allow for
the possibility that some agents have high tastes in every location while others have low
tastes in every location. Under this cardinalization, however, A" does not obey (34).

Regardless of the choice of utility cardinalization, labor supplies take the form:

L = (Brwr/P$)9

= . 36
Zr’(Br’wr’/p(r:/)e ( )

Calibration. We follow the calibration strategy in Allen and Arkolakis (2014). The model
has 3,109 counties in the continental United States (R = 3,109), and the Armington elas-
ticity of substitution is ¢ = 9. We start by considering the no externalities case, & = 0.
For illustration, we use a baseline mobility elasticity value of 8 = 3. We use the trade-
cost matrix T,,» in Allen and Arkolakis (2014), which is estimated using geographic data
on roads, railways, and navigable waterways, together with Commodity Flow Survey
trade flows.3> We calibrate z, and B, so that the model exactly reproduces the same initial
population and expenditure shares by county. For any given shock or policy, different
cardinalizations of utility use the same primitives and calibration and generate identi-
cal prices, wages, migration, and trade flows. Only the reported average-utility welfare

measure changes.

Response of aggregate welfare to regional productivity changes. To show the differ-
ent ways that A" responds to productivity shocks depending on cardinal assumptions,
we shock the productivity of each county r and report the response of A" compared to
the Hulten benchmark:

" alogAW/alogzr —Ar
Ay '

Figure 2 plots this statistic across counties for the two different cardinalizations of utility.

100

This statistic is also reported by Donald et al. (2026), using the standard non-normalized
cardinalization of utility c,ej,. As they point out, the response of average utility does not
obey Hulten’s theorem. In their language, this is because of “the spatial dispersion in
marginal utility.” However, since the level of marginal utility across individuals is not
pinned down by observables (only the ratio of marginal utilities across goods for each
individual is pinned down by observables), the deviations from Hulten are driven by the
choice of utility cardinalization. The second panel illustrates this by changing the cardi-

% Allen and Arkolakis (2014) study the aggregate welfare loss of losing access to the Interstate-Highway-
System, which is modeled as an increase in trade costs. In Appendix D.3, we show that, once we allow
for heterogeneous preferences, the change in aggregate welfare using an average utility associated with a
counterfactual like this depends on the cardinalization of individual utility functions.
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nalization and normalizing by the max ¢, for each /. The result is that the deviations from
Hulten’s theorem differ substantially across the two panels. The final panel on the right
shows that our measure of aggregate surplus, A, obeys Hulten’s theorem (Corollary 2),

as illustrated by the mass concentrated near zero in the histogram.

Figure 2: County productivity shocks and deviations from Hulten’s theorem
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Notes: The first two panels plot the cross-county distribution of 100(dlog A" /dlogz, — A+) /A, in the
competitive specification &« = 0. The first two panels use observationally equivalent cardinal repre-
sentations of the same preferences. The third uses TFP-equivalent aggregate surplus. In practice, we
approximate these derivatives using log-productivity increases of 0.01 one county at a time.

Optimal place-based policies. Cardinalization also affects policy recommendations. In
our no-externality benchmark the competitive equilibrium is Pareto efficient. A policy-
maker maximizing A therefore leaves every place-based subsidy at zero. A policymaker
maximizing average utility instead intervenes in order to pursue redistributive objectives
embedded in cardinalizing choices. The first two panels of Figure 3 show that two ob-
servationally equivalent cardinalizations imply large and sharply different policies. The
third panel maximizes aggregate welfare as measured by A, which selects zero subsidies

because the equilibrium is efficient.3

36For a discussion of the role of social welfare functions in determining the optimality of place-based
policies in spatial models, see Fajgelbaum and Gaubert (2025). Relatedly, Mongey and Waugh (2024) point
out that redistributive concerns can strongly affect policy prescriptions when average utility is used as the
objective. They provide an alternative interpretation where average utility is interpreted as the expected
utility of individuals who are ex-ante identical (before they know their tastes) and lack access to insurance
markets for their idiosyncratic tastes. In this case, the redistributive desires of the policymaker are inter-
preted as providing insurance. However, if such an ex-ante state does not exist, then the results of this type
of analysis rest on an untestable cardinalizing assumption. That is, if households cannot make choices in
the ex-ante stage that reveal their risk preferences about how they rank one set of taste parameters against
another, then choice data identifies utility up to a monotone transformation for each #, and the ex-ante ex-
pected utility function cannot be recovered from the data. This means that the amount of insurance which
is optimal depends on untestable assumptions about how individual utility functions are cardinalized. See
also the discussion by Davis and Gregory (2021).
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Figure 3: Optimal place-based policies without externalities
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uy(cr,t) = Brerey,/ max,{ey,}. The third panel maximizes A. The model has « = 0 and 6 = 3.
Positive values denote subsidies and negative values denote taxes.

Now consider a version of the model with externalities. In this case, the policymaker
that maximizes aggregate surplus A does intervene if the initial equilibrium is Pareto
inefficient. To see this, suppose instead that we consider the case with positive agglom-
eration externalities « > 0 (recalibrating z, and B, to keep population and GDP shares

constant). Productivity in region 7 is
Zy = z,L%.

Private producers pay p,Zz, per efficiency unit, while the social marginal revenue product
is (1 + a) prZ,. With a labor-income subsidy 7, the worker receives (1 + 7)) p,Z,. Maximiz-
ing A therefore delivers the Pigouvian rule

T =,

exactly as in Example 7.

Compare this with the first two schedules in Figure 4, which are county-specific op-
timal tax rates for different objectives. The policymaker that maximizes A" responds
strongly to cardinal choices about utility and mixes the Pigouvian reasons for intervention
with the desire to redistribute. In contrast, the policymaker that maximizes A implements
Pigouvian subsidies only.
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Figure 4: Optimal place-based policies with an agglomeration externality
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7 Conclusion

We develop a revealed-preference measure of aggregate economic surplus for general
equilibrium economies with discrete choice. We measure the aggregate surplus created
by a change in primitives by the amount of factor endowments that can be removed while
still ensuring every household can be kept indifferent to the status quo. We show that an
aggregate expenditure function summarizes the household side of this calculation. In the
undistorted benchmark, the first-order result is especially simple: productivity changes
are valued using producers’ initial sales relative to GDP. Beyond first order, we provide
an exact characterization using compensated supply and demand, together with tractable
second-order approximations using observable shares and elasticities.

We contrast our welfare measure with chain-weighted real GDP, the sum of compen-
sating variations, and the cross-sectional average of utilities. We show that these popular
alternatives have serious flaws. Real GDP can fall when every household is better off. The
sum of compensating variations can rise in response to inefficient redistributive taxes that
move the economy inside the Pareto frontier and raise inequality. When a change creates
both winners and losers, even the sign of its average-utility welfare effect depends on
arbitrary assumptions about how to map each individual’s ordinal preferences into inter-
personally comparable utility numbers.

While our framework can quantify aggregate surplus generated by changes in tech-
nologies and policies, it deliberately leaves the distribution of that surplus as a separate
policy question. Our measure can also be applied to specific subpopulations or evaluated
under restrictions on compensation. Applying our framework to quantitative dynamic
discrete-choice models with incomplete financial markets is a natural next step.
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Throughout the appendix, the status quo is held fixed in the expenditure functions Ty,
and T. Where a path is used, t = 0 denotes the status quo and ¢ = 1 the counterfactual,
so that 2(0) = 2" and 2(1) = 2. Superscript comp denotes the compensated equilibrium,
inwhich Z = 1/A(t).
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A Appendix for Section 3

A.1 Proofs for Section 3

Proof of Proposition 1. The expenditure function is defined to be

Ty(w,p) = min {Tj, : uy(cp, 1) > ug, and Zpﬁchl[lh =r] < Zahrwrl[lh =r]+ Ty}
r r

Thrchrlh
Since utility is increasing in consumption, the utility constraint binds at the optimum.
Hence, conditional on choosing I;;, consumption must be ¢j,;,, where
— l — 0
”h(chlh/ n) = U
Substituting this into the definition gives

Th('w,pc) = I]{llll’l{Th : Zpﬁc_hrl[lh = l’] < Zahrwrl[lh = 7’] + Th}
hrth r r

The budget constraint also binds at an optimum (otherwise the transfer could be re-
duced), so substituting out for T}, yields

Ty (w,p) = —H}ax{zahrwrl[lh =r] =) pien1ll, = r]}.
h r r

The maximizer of this problem (or a set if there are multiple solutions) is the compensated
choice I,°™" (w, p°), which satisfies the first expression in Proposition 1. Evaluating the
transfer at that choice gives the second expression in the proposition. O

Proof of Proposition 2. By Proposition 1, household h’s expenditure function can be written

as

Ty (w, p°) = min {piey, — a0}
reR

Except for the measure-zero set of households that are indifferent between locations, the
envelope theorem therefore implies

T
h = Cprl

0T
h _ _ahrl[lcomp _

comp
ow, h rl, aps ! ]

h _r.

Integrating the first equality across households gives

oT m m
R
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Similarly,

oT
dlog p¢

. / Enr L™ = r]dh
h
= w, L7 4 / T, 1[5 = r]dh = E;°™,
h
where the second equality uses p5¢;, = ap,w, + T, for a household whose compensated
choice is r. Finally, the expression for Tj, above is homogeneous of degree one in (w, p°),

so the aggregate expenditure function is also homogeneous of degree one. Euler’s theo-
rem and the two derivatives above give

Zwrawr + Zprapr

— Z Comp Somp) ,

as desired. ]

Proof of Theorem 1. Recall that C(z, Z) is the set of allocations supported by a competitive
equilibrium given z, Z, and some transfers, and that

A = max {Z_l A{cen ntney € C(2,2) and (¢, 1) =, (cg, 12) for every h} :

Let Z* = 1/ A. Let {c},, I} } sy be an allocation attaining this maximum. By the definition
of C(z,Z*), there is a budget-balanced transfer vector T that supports this allocation.
Given the maintained assumption that every household can be made exactly indifferent
at the solution, u,(c};, I) = u). Therefore,

* o —1 0.7%x\ _ =
Ch—uh (uh,lh) —Chl;;,

where the inverse is with respect to consumption, holding location fixed.*” Let w and
p° denote wages and consumption prices in this equilibrium. The household budget

constraint becomes

. Ant; *
Hence,
AW
rI”k = C*C_ * = h U .
n = Pr:Cni; A

37]f we impose ordinal additive separability, which is not required for this proof, then g(c}) + €ny =

£ twh), soc; = (fh (uh)—ehz*) = Culy -
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Because households are exactly indifferent to the status quo, their chosen locations mini-
mize the transfers required for indifference. Thus, Proposition 1 implies

I =1"""(w/A,p%), T, = Ty(w/ A, p%).
Summing the household budget constraints over households choosing location r gives

| pien ™ = rldh = LT (w/ A, p)

+ /h Ty(w/ A, p°)L[I™ = r]dh
— E™ () A, p).
Since transfers are budget-balanced,
0= /hT;[dh =Y EC™P(w/ A, p) — Z%Li"mp(w/A,pC).
r r

This proves that the solution to (9) satisfies (11). The remaining conditions in Theorem 1
follow because w and p are equilibrium wages and prices at the optimizing allocation.

Conversely, suppose that A, wages, prices, and quantities satisfy the compensated-
equilibrium conditions in Theorem 1. Give each household a transfer

Ty =Ty(w/A D),  Li=1"Y(w/ADp), c=2cp,.

By Proposition 1, households optimize and are indifferent to the status quo. Equa-
tion (11) implies that transfers are budget-balanced, while the remaining compensated-
equilibrium conditions ensure that firms optimize and markets clear. Hence, {cj, I, } ey €
C(z,1/A), so A is feasible in (9). Together, these arguments imply that the largest value
of A supported by the compensated-equilibrium conditions equals aggregate welfare as
defined in (9). O

Proof of Proposition 4. Under Assumption 1, Proposition 1 gives
Th(w,pc) = min {pﬁc‘hr — wr} .
reR

We first show that the compensating transfers Tj,(w, p¢) are bounded by T™" (w, p¢) and
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T3 (w, p). In the status quo,
u) = max i, <c?, 1f> .

Since uy,(c?,7) < ug and uy,(c, r) is strictly increasing in consumption, ¢y, > c for every 7,
with equality at household h’s status-quo location. Therefore,

Ty (w, p°) > min{pSc? — w,} = T™ (w, p°).
r
Evaluating the minimum at household /’s status-quo location gives
c c = _ ,c 0 max c
Ty(w, p) < Ppcug — W = Ppcp —wp < T (w, p°).

The tail-sum formula for expectations implies

- ) Tmax(,w’pc)
T(w, p) = T (w,p%) + | oy Pr(Ty(w, p°) > x)dx. (37)
Tmln w,pC
We now show how to obtain the probability inside the integral. By the definition of the

expenditure function,

c
r

wy + X
Th(w,p) >x <= maxuy < 4 ,r) < max uy, (c?,r) :
r r

Since

¢r(x) = max { wrp—l_ x’ C9}

7

and uy(c, r) is strictly increasing in ¢,

~ wy + x 0
max iy, (¢y(x),r) = max { maxuy, —, 7| ,maxu, (cr,r> .
r r pr r
Ignoring ties, which do not affect the integral, Tj,(w, p°) > x if and only if the household’s
choice under ¢(x) is a location r satisfying
0> & rx

Py

Aggregating across households therefore gives

Pr(Ty,(w,p) > x) =) Ly(¢(x))1 {09 > wrp—l—x} .

r
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Substituting this expression into (37) implies (19). O

A.2 Homogeneous preferences and skills

In this appendix, we consider an instructive special case where agents are homogeneous
in preferences and skill levels (=5 does not vary by h and a;, = 1 for every h and r).
Locations may nevertheless differ in their common amenity values. For concreteness, in
this section we assume that preferences are ordinally additively separable, so that we can
represent every = using:

up(en In) = fu (8(cn) +e,),

where €, parameterizes the common amenity value of location r. In this section we as-
sume that decentralized equilibria have no transfers. Characterizing aggregate surplus A

in this special case is as easy as solving the decentralized equilibrium.

Proposition 9 (Aggregate Welfare with Homogeneous Agents). Suppose =), does not vary
by h and ay, = 1 for every h and r. Define c,(z,Z) and L,(z, Z) to be consumption per capita
and labor supply in location v in a decentralized equilibrium given productivity vector z and
aggregate factor-augmenting productivity Z. Suppose that at least one location is nonempty both
in the status quo and in the compensated equilibrium. Then aggregate welfare A satisfies

1

c,,(zo, 1) = Cr(zr Z)/ (38)

for every such location r.
If, in addition, g(cy,) = log(cy), then A equals the proportional change in per capita con-
sumption (equivalently, the real wage) between the counterfactual and status quo decentralized

equilibria:
(2 1)
oo (29,1)

for any region r that is nonempty in both equilibria.

(39)

Before presenting the proof, we provide some intuition. Since agents are homoge-
neous, in a decentralized equilibrium agents are indifferent among occupied locations.
If we scale aggregate factor-augmenting productivity by 1/ A, every agent is affected in
the same way — there are no relative winners or losers — and lump-sum transfers are
not needed for compensations. If a location r is non-empty in the status quo and in the
allocation that solves A, indifference to the status quo requires that A satisfies

fiu(8(er(z,1/A)) +er) = fu(g(er(2°,1)) +er).
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Because f}, is strictly increasing, it can be removed from both sides. The common amenity
€r then cancels, and strict monotonicity of g implies (38). In words, A must be such that
real consumption per capita in each such location r is equated to its status quo value.
This shows that computing A is as simple as computing the decentralized equilibrium
with different productivity parameters (i.e. we do not have to worry about compensating
transfers when agents are homogeneous).

In addition, if g(c) = log(c), then scaling consumption in every location by the same
factor leaves the location choice problem of every agent unchanged. Since agents’ location
choice problems do not respond to a uniform scaling of consumption, they also do not
respond to a uniform scaling of factor-augmenting productivity. Hence, ¢,(2,1/A) =
cr(2,1)/ A and (39) follows. In words, if g(c) = log(c), then A can be computed purely
from the growth in real consumption in any location in the decentralized equilibrium:
A = c/(z,1)/¢;(2°,1) — one does not even need to solve a counterfactual equilibrium
with different factor-augmenting productivity.

One may wonder: why not always use the growth in real consumption to measure
the growth in aggregate welfare? The reason is that outside the cases g(c) = log(c)
and €, = ¢, the growth in real consumption in each location, ¢,(2,1)/c,(2% 1), can be
a different number, even though all agents are homogeneous in terms of welfare.?® Our
measure of aggregate welfare, A, in contrast provides a single number.’

A special case is when consumers only have preferences over consumption and do
not directly value the location choice. In this case, the requirement that g(c) = log(c) is

automatically satisfied and we get the following immediate corollary.

Corollary 6 (Preferences over consumption only). Suppose =, ranks allocations of consump-
tion and location (cy, I,) only by the consumption value cy. That is, (cp,ly) =5 (cy,,1;) if, and
only if, ¢, > c},. If agents have homogeneous skills, ay, = a, for every r and h, then

cr(z,1)

A= E0)
cr(29,1)

38To see this, note that indifference between locations implies that g(c;) — g(c,/) = €, — €, must always
hold. Hence, g(c,(2,1)) — g(cy(2%,1)) = g(cy(2,1)) — g(c(2°,1)). This does not, in general, imply equal
growth rates for real consumption per capita across locations unless g(c) = log(c).

31f ¢(c) = log(c), then one can also calculate A using a specific cardinalization of utility. In particular,
if we use f;(x) = exp(x) so that u,(c,7) = cexp(e;), then A is equal to the ratio of utilities in the counter-
factual decentralized equilibrium relative to the status quo. This is a common approach in spatial models
with homogeneous preferences (see e.g. Allen and Arkolakis, 2014). This trick does not work if g(c) is not
logarithmic. Moreover, one cannot simply assume that g(c) is logarithmic without loss of generality: if €,
varies by location, then the shape of g(c) is determined by ordinal properties of the underlying agent-level
utility functions because it disciplines income and substitution effects.
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for any location r that is nonempty in both equilibria.
We now provide the proof of Proposition 9.

Proof of Proposition 9. Define u,(z, Z) to be the utility of household / in a decentralized
equilibrium given productivity vector z and aggregate factor augmenting productivity
Z. Because households have identical ordinal preferences, skills, and opportunity sets,
they attain the same welfare change and require the same compensating transfer at any
given wages and prices. Aggregate budget balance therefore implies that this common
transfer is zero. Hence, to calculate A, we simply need to solve

uh(z,l/A) = uh(zo,l).
For any location r such that L,(z,1/A) x L,(2%,1) > 0 we have that
gler(z,1/A)) + e = g(cr(2°,1)) + e

It follows that
¢r(2,1/A) = c,(2%1).

This completes the first part of the proposition.
Consider the case where g(c) = logc. We need to show that

cr(2,1/A) = A Ve (2,1).

Let factor-augmenting productivity Z change from 1 to 1/ A while holding z fixed. Con-
jecture an equilibrium allocation that scales all effective factor inputs, outputs, and in-
termediate inputs by 1/ A, keeping prices and wages (per efficiency unit) unchanged. In
this conjectured equilibrium, consumption in every location scales with 1/A. With loga-
rithmic g, if consumption in every location is scaled by a common factor, then agents do
not have any incentive to switch locations. Hence, labor supply in each location remains

unchanged:
Lr(z,l/A) = L,(z,l).

Effective factor supply is ZL,, so it scales by 1/ A. Constant returns to scale then make it
teasible for all outputs and intermediate inputs to scale by the same amount while relative
prices remain unchanged. This confirms the conjectured equilibrium and completes the

proof. O
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A.3 Relation to the social surplus function

Suppose that each agent’s preferences are ordinally additively separable, so that they can
be represented by the utility function

up(cr,r) = g(cr) + €,

where ¢(-) is some increasing function and €, are household-by-location specific taste
shifters. The utilitarian social welfare function, given this cardinalization of utility and a

vector of real wages across locations w/p©, is
U(w/p°) = Elmaxg(an,wy,/pj,) + eny ],
h

where a;,w,/ ps is real consumption of agent h if location r is chosen. This social wel-
fare function is called the “Social Surplus Function” in the discrete choice literature (see
McFadden, 1981).40

The proposition below shows that under the assumptions of Proposition 3, the social

surplus function can be used to calculate A(t).

Proposition 10 (Using Social Surplus to Calculate A). Suppose the conditions of Proposition 3
hold. Then, TFP-equivalent aggregate surplus, A, satisfies the following equation:

U(w/(ApS)) = U(w’/p™),

where w/ (Ap*) are real wages in the decentralized equilibrium with productivities z and aggre-
gate factor-augmenting productivity 1/ A and w®/p° are real wages in the status quo equilib-
rium. If, in addition, real wages do not depend on labor supplied in each region (e.g. as in the
one-good econony), then we also have that A = AY, where AY is the consumption-equivalent
variation defined in Equation (33) for the social surplus function W = U.

The proof is at the end of this subsection. In words, A can be computed as the re-
duction in labor productivity in every location such that the social surplus function, with
productivity shocks z, is equal to social surplus under the status quo (without the need
to explicitly compute any compensating transfers). The assumptions of Proposition 3 are
critical; if they do not hold, then the social surplus function U cannot be generally used
to compute A (see Example 11 below).

40The social surplus function plays an important role in the literature in part because of the Williams-
Daly-Zachary theorem (Williams, 1977; Daly and Zachary, 1978), which gives conditions under which the
social surplus function acts like a potential function (i.e. its derivatives are equal to aggregate location
choices).
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Notably, even if the assumptions of Proposition 3 hold, A may still differ from the
consumption-equivalent under the social surplus function, AY. This is because real wages
with productivities (z,1/A) are not the same as real wages with productivities z divided
by A. Intuitively, a reduction in aggregate factor productivity can cause agents to switch
locations, and if real wages are a function of labor supply, then this can cause real wages
to change and A to be different than AY. The last part of the proposition points out that if,
in addition to the assumptions of Proposition 3, real wages do not respond to changes in
labor supplies, as in the one-good economy where they are pinned down by productivity
parameters, then A coincides with AY.

Proposition 10 relates to a well-known property of discrete choice models where con-
sumers choose among a discrete set of options given fixed prices and incomes. In that
literature, it is known that if the indirect utility function is linear in the price of the good,
then the social surplus function can be used to calculate the sum of compensating varia-
tions (Small and Rosen, 1981).4!

The example below illustrates Proposition 10 using a simple example.

Example 10 (Using Social Surplus to Calculate Aggregate Welfare). Consider the one-
good economy example from Example 3 again. There is a single freely-traded consump-
tion good produced linearly from labor and productivity in each location r is z,. We
impose the assumptions of Proposition 3 and Assumption 1. The real wage per efficiency

unit in each location is simply w, = z,. Hence, by Proposition 10, we have

U(z/A) = lE[max% + €] = E[maxz? +¢;,,] = U(2Y).
r r
If the €y, are independently drawn from Type I extreme value distributions (i.e., Gumbel),

then

U(z/A) = %log [Zexp (0zy/ A + B;) | + constant.
T

“1In the absence of linearity, calculating the sum of compensating variations typically requires resorting
to simulation methods. See Hortag¢su and Joo (2023), and the references therein, for a recent textbook discus-
sion. As discussed by Hortagsu and Joo (2023), many recent studies in the industrial organization literature
ignore individual compensating variations and directly use the social surplus function as the starting point
of their analysis, even if the quasi-linear justification for this approach does not hold. In this case, the so-
cial surplus function is interpreted like a social welfare function. Dubé et al. (2025) analyze the welfare
properties of this social surplus function for a broad class of demand systems.
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Therefore, since the logarithm is strictly increasing, U(z/A) = U(2?) if and only if
Y exp (0z,/A+ B,) =) exp (929 + Br) ,
r r

which is equation (18). Furthermore, in this one-good economy, real wages in each loca-
tion are equal to productivity and independent of labor supply. Hence, scaling all produc-
tivities by 1/ A is observationally equivalent to dividing all real wages by A. This makes
A= AY.

Proposition 10 does not generally extend when the assumptions of Proposition 3 do
not hold: i.e. if either g(c) is nonlinear or if consumption prices vary by location. Intu-
itively, when the assumptions of Proposition 3 hold, we have a transferable utility model
where the sum of ¢(cj) across households is interpretable as an aggregate resource con-
straint and can be split across households freely using lump-sum transfers. However, if
either ¢(c) is nonlinear or agents in different locations consume different consumption
goods, then utility is not transferable and the sum of g(c;,) across households cannot be
interpreted as an aggregate resource constraint.

The following example demonstrates that when the assumptions of Proposition 3 do
not hold, as in the commonly studied Fréchet case, then AY and A need not agree even

to a first order approximation (and can even have different signs in logs).

Example 11 (When Proposition 10 Fails). Consider Example 5 again. There is a common
freely-traded consumption good produced linearly from labor, with productivity z, in
location r. The assumptions of Proposition 3 do not hold in this example because g(c) is
logarithmic. Assume that € is distributed according to a Gumbel distribution with inverse
scale 6, and workers have homogeneous skills. Utilitarian welfare, as measured by AY s

the solution to

U(z/AY) = IE[mrax log(z,/ AY) +¢,] = IE[mrax log(2) + ep,,] = U(2°).

1
One can show that AY = (¥,(Byz/)%/ ¥, (B:29)?)?.42 To a first-order approximation,

#2Compare this with the right hand side of (34), which calculates A" under a different cardinaliza-
tion, exp(log(cr) + €,). The fact that the consumption-equivalent variation of the social welfare function
U(c) = E[max;, log(c;, ) + €y, ] is equal to that of the social welfare function W(c) = E[max;, c;, exp(ep, )]
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changes in log AY are a population-weighted sum of changes in productivities:

Alog AY ~ Z LA log z,,
r

where LY is the share of the population choosing location r at the status quo. This does
not coincide, even to a first-order, with changes in aggregate welfare as measured by
A, because Alog A ~ Y, A’Alog z,, where the Domar weights in this example are A? =
L9202/ (2, LS,ZS,). It can easily be the case that Alog A > 0, so that winners can compen-
sate losers and have resources left over, and yet Alog AY < 0.

Proof of Proposition 10. Without loss of generality, let the common consumption good

price p© be the numeraire. The social surplus function is
U(w) =Ey, [mrax {ap,w, + ehr}] ,

where w, is now the real wage in location . Then,

ou
o, E), {ahrl {r € argm]ax(ahjwj + ehj)H = L,(w).

Equation (43) in the proof of Theorem 2 states that with a common consumption good
ZLcomp [wr} dlo [ ] ZLcomp [ } legp ’

where the wages and prices are the ones in the compensated equilibrium. Since the con-
sumer price index is the numeraire, this is the same as:

L G avos [ 5] =0

Equivalently,
Y L™Pg [ﬁ} — 0.
A
p

Index any continuous path between the status quo and the counterfactual allocation by s

is a special implication from the assumption that € is distributed according to a Gumbel distribution. See
Proposition 11, below, for more details.
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between 0 and 1. The fundamental theorem of calculus gives:

w(

1)/A
/ o Y L™ (o) dax, = 0.

By Proposition 3, the compensated and uncompensated labor supply functions are the
same. Furthermore, given productivities z and aggregate factor-augmenting productivity
1/ A, the compensated and uncompensated equilibrium real wages are the same. Hence,

we can write

w(l)/A
/ W Y L (x) dx, =0,

w(0) r

g .U .
substituting in 57 from above gives

w(l)/A
/ U 2y dx, =0,

w(0) Z 9

Wy

which is equal to
U(w(1)/A) — U(w(0)) =0,

by the fundamental theorem of calculus. Finally, if real wages do not depend on labor
supply, real wages in the compensated equilibrium coincide with those in the decentral-
ized equilibrium at t. The preceding equation is then precisely the equation defining AY,
so A = AY. O

A.3.1 Invariance of A" under common cardinal transformations

The specification with ordinally additive preferences and Gumbel-distributed tastes has
an invariance property, stated in Proposition 11 below. Specifically, in this case AW is
invariant to the choice of monotone transformations as long as the transformation is com-
mon for all agents. This invariance, however, requires arbitrarily restricting the set of
allowable monotone transformations of utility. For example, under the restrictions in
Proposition 11, differences in the overall level of tastes across households are left unnor-
malized: some households have high values of €, in every location, while others have
low values in every location. The cardinalizations we discuss in Section 6.3.2, for exam-
ple, fall outside this restricted class.
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Proposition 11 (Invariance to Restricted Monotone Transformations). Suppose that

up(cr, 1) = fi (g(cr) + €hr)/

where f, = f is common across households, and the ey, are independent Gumbel random variables

with inverse scale > 0 and location parameters log B, with B, > 0. Then A" is the unique

¥ 8exp |og (2avoh )| = B explos(ar0)]

Hence, A" does not depend on f. If, in addition, g(c) = logc, then

solution to:

AW — Zr(BrCr)e e
_{Er(BrC(r))gl '

Proof. Since f is strictly increasing,

max up(cr,r) = f <m;ax{g(cr) + €hr}> :

For any v € R, independence across locations gives the following CDF for the maximum

Pr (m;ax{g(cr) +ept < U) =[]Pr(en <v—glcr))

= exp {— lexp(—60)] ZBf exp [Gg(cr)]}

= exp {— exp [—6 (U — %log (Z BY exp [Qg(cr)]> )] } .

Thus, the maximum is Gumbel with inverse scale 6 and location parameter

1

a log (ZBf exp [Og(cr)]) .

For a fixed 0, the consumption vector c affects the distribution of the maximum only
through this location parameter. Since f is common and strictly increasing, average max-
imized utility is strictly increasing in the location parameter. The definition of A" there-

fore implies

)]) = %log (;Bf exp [eg(cg)D ,
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Dropping the log, this is the equation in the statement of the proposition. The left-hand
side is decreasing in A" because g is increasing. Hence the solution is unique. Because

the equation contains no f, neither does A". Finally, if g(c) = log c, the equation becomes

(Aw)fg Z(Brcr)e = Z(Brcg)g-

r

B Appendix for Section 4

B.1 Input-Output Notation for this Appendix

We introduce some useful accounting variables. Let A be the vector of Domar (1961)
weights, whose ith component is commodity i’s sales or factor i’s income divided by total
income:

piyi : Zw;L;
Ai= =2 Jlie C+N]4+ 1
Y Zw L, [ ) Y, Zw,L,

Let Q) be the |C + N + R| x |C + N + R| input-output matrix. The first |C| rows and

columns are the consumption bundles, the next |N| are the intermediates, and the final

1[i € R].

|R| are the primary factors. For i € C + N, the ijth element of () is the expenditure share
of i on inputs from j relative to i’s total sales:
.x .. w .l ..
;= P17 e N) + ZLq)j € R).
piyi piyi
The rows corresponding to primary factors are zero.

Define the spending shares to be:

— Er
Yo Es

Xr

Market clearing for i € C 4+ N + R requires that commodity i’s sales, or factor i’s
income, equal total spending on i by households and producers:

A=Y xlli=cr)]+ Y AQp (40)
reR JEC+N

where ¢(7) is the consumption bundle associated with location 7, and y; is the share of

final consumption spending in location r. The factor market clearing condition states that
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spending on factor r by firms is equal to earnings by agents that supply that factor:

ZwyL,

Ay = =T
r Zr’ ZZU,,/L,,/

(41)

The market clearing conditions in the compensated equilibrium are the same as (40)

and (41) except where we use compensated supply L;" = and compensated demand
comp 6y — B (w/Ap)

Ko W/ AP = A

functions.

in place of the uncompensated supply and demand

B.2 Proofs for Section 4

Proof of Theorem 2. Throughout the proof, wages, prices, quantities, and expenditure
shares refer to the compensated equilibrium, so we suppress the superscript comp. Bud-
get balance in the compensated equilibrium requires

/h Ty(w/ A, p¢) dh = 0, 42)

Differentiating (42) with respect to w/ A, and p© and applying Proposition 2 gives

Eeomp
0= — Y L™d(w,/A) + ¥ 2 —dpt,
reR reR r
and hence
Y (w,/A)L;"Pdlog(w,/A) = Y E;*"Pdlog pt. (43)

ré€R réR

Because aggregate transfers add up to zero,

Y E™ = Y (w,/ AL,

reR reR

Dividing (43) by this common value and using d log(w,/A) = dlogw, — dlog A gives

dlog A = Z Avdlogw, — Z Xxrdlog py, (44)

reR reR

where A, = w,L;°"F / (X, wy L:,Omp) and x, = E,""F/ (X, E:,O mp). We now connect wages

and consumption prices to productivities. For every produced commodity i € C + N,
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Shephard’s lemma and perfect competition imply

dlogp; = —dlogz; + Y Qydlogp;+ Y Qjdlogw.
jEN reR

Multiplying by A; and summing over i € C + N gives

Z )Ll'd log pi = — Z )\id IOgZi
i€EC+N i€EC+N

jEN \ieC+N

+ Z ( 2 AiQir> dlog w;.
reR \ieC+N

Market clearing implies that the two expressions in parentheses are A; and A, respec-
tively. Moreover, A,y = xr and p.(,) = p;. Separating the consumption bundles from
the intermediate goods on the left-hand side and cancelling the intermediate-price terms

therefore gives

Y xrdlogps = =) Midlogzi+ ) Adlogw,.
i

reR reR

Substitution into (44) yields

dlogA =Y Adlogz;.
ieC+N

Bringing back the compensated-equilibrium superscript and integrating along the path

from 0 to 1 gives
1 dlogz;(s)

log A = Yo ATR(s) = ds, (45)

1

completing the proof. O

B.3 Second-Order Approximation

Corollary 4 shows that approximating A to a second order requires knowledge of dA“™P.
Here, we show how to solve for this using the same approach as in Baqaee and Farhi
(2019). For simplicity of exposition, assume that all production and consumption func-
tions are CES, with the ith producer in the input-output matrix Q) corresponding to a CES
aggregator with elasticity of substitution 6;. This structure is flexible enough to capture
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any nested-CES production and consumption functions through relabeling.*> For addi-
tional simplicity, we also assume that households have homogeneous skills a;, = 1 for
every h and r (one can extend the results by simply conditioning labor supply by skill).
We also assume that transfers in the decentralized equilibrium are zero.

Under these simplifying assumptions, the following proposition determines sales
shares in both the compensated and uncompensated equilibrium.

Proposition 12 (Prices and Expenditures in Equilibrium). In the decentralized equilibrium,
given labor supplies L and final spending shares x, the following differential equations determine
the rest of the equilibrium variables:

legQi]' = (1 — 91') [dlogpjl[] - N] +dlogw]'1[j € R]

— Z Qikd IOg Pk — 2 Qird lOg wr] , (01] 7& 0) (46)

keN reR
dlogp; = —dlogz;+ Y _ Qdlogp;+ Y Qdlogw, (i€ C+N) (47)
JEN reR
dlog Ay = dlogw, +dlog L, — Y _ A, [dlogw, +dlogL,], (r€R) (48)
1,/
dlogA; = A1 (Z dx i =c(r)]+ ) [dAQ;+ Ajdnﬁ]) , (49)
reR jeC+N

assuming the equilibrium system is nonsingular. If we swap L and x for L™ and x“", we
get the evolution of variables in the compensated equilibrium instead. The boundary conditions
are the same for both the compensated and decentralized equilibria — spending shares are equal to
their values in status quo, and initial prices and wages are determined up to a common numeraire.

Proposition 12 can be used to calculate either the decentralized equilibrium, given
dlog x, and dlogL,, or the compensated equilibrium, given dlog x;" " and dlog L,""F.
The changes dlog x; " * and dlogL;""F can be computed numerically using Proposi-
tion 1. This approach is useful both computationally and analytically. Computationally,
it obviates the need to solve a system of nonlinear equations to compute A(f) (i.e. as in
Theorem 1). Instead, it requires repeatedly solving a system of linear equations and up-
dating variables (Appendix B.4 gives the numerical procedure). Analytically, it allows us
to prove some useful results.

Before using Proposition 12, we briefly describe the intuition for equations (46)-(49).
The expression in (46) is the log-linearized input expenditure share of i for input j, which
depends on the elasticity of substitution, 8;, and on how the price of j changes relative to

#30ne can extend to non-nested CES along similar lines to Baqaee and Farhi (2019).
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the marginal cost of i. The expression in (47) is Shephard’s lemma, relating the marginal
cost of i to the expenditure-share weighted change in input prices and the productiv-
ity shock to i. Equation (48) log-linearizes the definition of A,, and (49) gives the log-

linearized market-clearing conditions (40).

Proof of Proposition 12. Equation (46) follows by log-differentiating the CES input-demand
equations. Equation (47) follows from Shephard’s lemma, constant returns to scale, and
the condition that price equals marginal cost. Equation (48) follows by log-differentiating
the definition of A, for r € R, and (49) follows by differentiating the goods-market-
clearing condition (40). These cost-minimization, pricing, and market-clearing conditions

hold in both the decentralized and compensated equilibria. O

Calculating AA;°™ in Corollary 4 is a straightforward application of Proposition 12
if we know the derivatives of compensated labor supply dL°°™P and demand dx“°™P in
the status quo. When the assumptions of Proposition 3 hold, this is simple to do using
Proposition 3, since dL°™P can be computed using the uncompensated supply system
and dx“°™P is irrelevant. In this subsection, we focus on characterizing dL°°™P and d“°"™P
at the status quo, without imposing the assumptions of Proposition 3, and we compare
these to their decentralized uncompensated counterparts.

We now proceed to characterizing dx“™P (in Proposition 13) and dL“°™P (in Proposi-
tion 14) at the status quo. Given these derivatives, we can compute dA“°"P using Propo-
sition 12, and hence, we can approximate log A(t) to a second-order using Corollary 4.

Proposition 13 (First-Order Change in Spending Shares). For any variable that varies by
location, xy, define Ey[x] = Y, xr(0)x,. Starting at the status quo, the change in spending share
in location r, in the decentralized equilibrium, satisfies

dlog xr = dlogw, — E, [dlogw] +dlogL, —E, [dlogL],

where the changes in wages w and locations L are in the decentralized equilibrium. In the com-
pensated equilibrium, we instead have

dlog ;™" = dlog p} — Ey [dlog p] +dlog L;""" — Ey [dlog L],

where the changes in prices p© and locations L°"F are in the compensated equilibrium.

The intuition is the following. In the decentralized equilibrium, the share of spending
by each location must move in line with the share of income earned by households in
that location. This is the product of wages w, and population shares L,. A location’s
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share of spending rises if wages in that location increase quickly or if households flock to
that location. On the other hand, in the compensated equilibrium, the share of spending
in each location depends on the rate at which the cost of consumption in location r has
increased and the population shares in the compensated equilibrium. If consumption
prices rise quickly in a location, or households flock to a location, in the compensated
equilibrium, then that location’s share of total spending rises.

Proof of Proposition 13. In the decentralized equilibrium, transfers are zero, so expenditure
in location r is

Log-differentiating x, = E,/ ) s E,» at t = 0 therefore gives
dlog x, = dlogw, +dlog L, — E, [dlogw + dlogL].

Now consider the compensated equilibrium. Index a path from 20 to z by t and let

B;""" (t) denote the set of households whose compensated choice at t is r. Expenditure in

location 7 is

E;°"P (¢ :/ ()¢, dh.
()= ] oy PO

By definition, ¢y, is the consumption required in location r to make the household indif-
ferent to the status quo, so it does not vary with ¢. At the status quo, ps¢;, = w; for all
households in B;"" ¥ (0) and on its boundary. Assumption 1 implies that

L™ (1) = / dh.
= Jym

Under the regularity conditions ensuring differentiability of the choice shares, applying
Leibniz’s rule to the moving choice set therefore gives

dEC™ = w,L, dlog pS + w, dLE™P,

where dlog ps is the change in consumption prices in the compensated equilibrium. The
first term is the change in expenditure by households initially choosing r, while the sec-
ond is the contribution from households entering or leaving r. Using

EL™(0) =w,L, and  L;""F(0) = L,

it follows that
dlog E;°"™" = dlog pS +dlog L;""™".
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Finally, log-differentiating
Ecomp

Y Ecomp

comp _
’

gives

dlog ;' F = dlog p + dlog L;""F — Zxcomp ) [dlog pS: + dlog Lcomp}

Since the compensated and decentralized equilibria coincide at the status quo, x*°™P(0) =
x(0). Hence,

dlog ;""" = dlog p; +dlog L,""" — Ey [dlog p* + dlog L™},

as required. ]

The next proposition provides a general characterization of dL®™P in terms of the
derivatives of the uncompensated labor supply function at the status quo oL, /d(w, /p%,).
This is important because the derivatives of the uncompensated supply system are es-
timable using exogenous variation in the decentralized equilibrium.*

For the characterization of uncompensated flows, we assume that preferences are or-
dinally additively separable between location choices and consumption. This means that the

utility function can be written as

up(en,In) = fu(g(en) + €my,) (50)

where ¢ is a strictly increasing function, €y, is a taste parameter for household h’s pref-

erences for location [, and fj, is any strictly increasing (potentially household-specific)

function.?®

Proposition 14 (First-Order Changes in Location Choices). The change in the share of house-
holds in location r can be decomposed into inflows minus outflows:

dL, =Y dLy_, — Y dL,_y, (51)
r'#r r'#r

“With zero transfers, consumption in location r equals w,/pS, so uncompensated labor supply is
Ly(w/p°). This allows us to define dL,/d(w, /pS,), which can be estimated using the observed changes
in market-level labor supply in response to exogenous variation in real wages.

#5Gince utility is only pinned down up to monotone increasing transformations, the specific function fj,
has no testable implications and can vary at the level of individual agents in arbitrary ways so long as it is
increasing. In contrast to fj, the shape of the function g does have testable implications and its shape can
be recovered from choice data. See Allen and Rehbeck (2019) for more information on how preferences can
be identified from behavior in discrete choice settings.
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where dL,_,, is the share of households switching from v’ to r. Under ordinal additive separability,
as in (50), these flows satisfy, to a first order:

dL, . = oLy d(& oL, d(ﬂ)] 1 [E’(Ld(%) < Ld(&) ’

3w /p) pe) T 80 ) ) Bt ) M) = /) il
52

where wages and prices are those of the decentralized equilibrium.
The compensated supply function instead satisfies:

dLiomp _ Z dLcomp _ Z d1.ome

r'—r r—r!’

r'#r r'#r

where dLj?Tf; is the share of households switching from v’ to r in the compensated equilibrium. At
t = 0, these flows satisfy:

oL 1 w w w W,
demfz:—r—(Cd "y pd( ) 1{” ) < phd()| L (63
r—r a [wr,/pi/} pgl pr (AP(;) pr (APC/) X pi’ (AP;C:) — pr (Api/) ( )

7

where wages and prices are those of the compensated equilibrium and, at t = 0, dlog A is given
by Corollary 2.

The key equation of Proposition 14 is (53), which expresses compensated flows in
terms of uncompensated labor supply derivatives. This equation does not require ordi-
nal additive separability. We now discuss flows in the decentralized and compensated
equilibria in turn.

In the decentralized equilibrium, Equation (52) expresses changes in location choices
as pairwise movements across indifference boundaries. Changes in real wages determine
the direction in which the boundary between r and r’ moves, while the cross-derivatives
of labor supply between r and ' determine the mass of households that crosses it. The
overall change in the share of households choosing 7, given by (51), is the sum of inflows
into r minus outflows from r.

Equation (53) is the counterpart to (52) in the compensated equilibrium. Household-
specific transfers keep every household indifferent to the status quo, while aggregate fac-
tor productivity is adjusted so that these transfers satisfy budget balance. For a household

initially indifferent between r and 7/, the term pSd (Z‘Z» measures the first-order reduc-

tion in the transfer required for indifference if the household chooses r. The household
chooses the location for which this reduction is larger. The size of the resulting flow is
determined by the cross-derivative of labor supply between the two locations. Crucially,

the partial derivatives in (53) are those of the uncompensated supply system evaluated at
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the status quo in the decentralized economy.

Proof of Proposition 14. We first derive the expression for pairwise flows in the uncompen-
sated equilibrium and relate them to derivatives of the uncompensated supply system.
We then derive the compensated flows and express them in terms of those derivatives.

Uncompensated Equilibrium. Fix two distinct locations i and j. Under the regularity
conditions ensuring differentiability of the choice shares, households close to more than
one pairwise choice boundary do not affect the first-order calculation. We can therefore
study the flow across the i-j boundary in isolation. Suppressing the household index,
consider the portion of the status-quo choice boundary where households are indiffer-
ent between i and j and strictly prefer these two locations to every other location. With

ordinal additive separability,

w; w; <wk) .
— +€ = — +€ > v + €, kg L]y
g(m) g(m> 1> 8| e k {i,j}

The cutoff for €; — €; is
Y
g(ﬁ) g(ﬁ)'

Equality corresponds to indifference between i and j. Above the cutoff, j is strictly pre-
ferred to i; below the cutoff, i is strictly preferred to j. Let «;; denote the density, measured
with respect to €; — ¢€;, of households on this portion of the boundary.

Let t index a path away from the status quo, attained at t = 0. Throughout the proof,
d denotes the right derivative at t = 0, and undated variables are evaluated at the status

quo. The change in the cutoff is

;[ Wi w; , ZU]' w]
() - (o) ().
$ (Pf) i) 8 (Pf) <P§>
If this expression is negative, the cutoff falls, and the mass moving from i to j equals «;;

times the fall in the cutoff. Hence,

e U R
i i j j
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We now express k;; in terms of cross-derivatives of the uncompensated supply system. All
such derivatives are evaluated at the decentralized status quo. If w;/ p]C. increases while
all other real wages remain fixed, the cutoff falls and households leave i for j. Therefore,

JL,;

L (ﬁ) |
0 <w,~/p]¢> ! P]C-

Similarly, if w;/ pf increases while all other real wages remain fixed, households leave j

for i, so
JoL;

e (2)
o(wi/pf) " \pi

Differentiability makes these equations valid for changes of either sign. Substituting them

into (54) gives

dL; w; oL; w;
L= |——T 4 (—) e B <—f>
] {a (wi/pf) \pi/ (w,-/pf-) Pj
w1 Ld(ﬂg) gLﬂd(@) ,
a<w]~/p]¢> Pj d (wi/pf)  \Ppi

which is equation (52). Summing pairwise inflows and subtracting pairwise outflows
gives

dLi =) dLj;—) dLi,;j.
j#i j#i

Compensated Equilibrium. Now let changes in wages, prices, and A be those of the
compensated equilibrium. Fix distinct locations i and j and consider households initially
choosing i and close to indifference between i and j, with both locations preferred to all
others. Let T;(t) keep these households indifferent to the status quo if they continue to
choose i. Under Assumption 1, they have the same status-quo consumption, so

wi(t)/A(t) + Ti(t) _ @}

O

Household / requires a smaller transfer for indifference in j than in i when

w;(t)/A(t) + Ti(t)
p;(t)

> Chj,
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in which case j is its compensated choice by Proposition 1. For households initially choos-
ing i, Chj = w}) / p;’o, with equality for those initially indifferent between i and j.
Since A(0) = 1 and T;(0) = 0, differentiating the condition that consumption in i

c wi
dn__Wﬂ(Aﬁ>'

Consumption in j under this transfer therefore changes by

wi/A+T; w; dT: 1 wj w;
d| L =d| L |+ == |psd | -2 —m(l)
( P ) (AP§> Ko [”f <AP? P\ ap

Consider an uncompensated increase in consumption in j, holding consumption else-

remains fixed gives

(55)

where fixed. Every household leaving i goes to j, and no household enters i. Hence, the

mass switching per unit increase in consumption in j is

B’
o(w;/p§)

Both this experiment and the compensated comparison under T; keep consumption in
i at its status-quo level. In either case, household / prefers j to i when the increase in
consumption in j exceeds ¢pj — w?/ p]c-’o. As in the uncompensated calculation, house-
holds close to indifference among three or more locations do not affect first-order flows.
Changes in other locations therefore do not affect this pairwise calculation. The same

switching rate therefore applies to the consumption change in (55), when that change is
positive, giving

dLeemP — _ OE e (L) e [ L 1 ‘?d< l)< d | —=
1 3w/ ) v [pl (APS> g (AP]C-) ’ [P’ ap;) =1\ ap;

which is (53). The partial derivative is evaluated at the decentralized status quo, whereas

7

changes in wages, prices, and A are those of the compensated equilibrium. Summing

pairwise inflows and subtracting outflows gives

comp comp comp
dLi _ Zdl‘j—n' _ZdLi—>j :

j# j#i
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B.4 Calculating A using a differential-equation system

We now combine Theorem 2 and Proposition 12 to compute A. We consider a productiv-
ity path z(t) connecting 2° and z. The procedure repeatedly solves a linear system for
changes in equilibrium variables and updates their levels. Throughout this subsection,
prices, wages, and input shares refer to the compensated equilibrium.

We first present the differential-equation system and then the solution algorithm.

TFP-equivalent surplus

legA(t) . comp legZi(t) .
o L A A =1 56)
ieC+N

Input-output and prices

dlogpil[j € N] +dlogw;1[j € R]

dlog (= (1=8) | _ Y Qudlogpy— ) Qi dlogw, |- (57)
keN reR

For entries of () that are always zero, including all entries in factor rows, we use the

convention d log (3;; = 0.
dlogp = —yP dlog z + yF dlogw, (58)

where p and z contain the produced commodities i € C + N, ¥* is the corresponding
produced-commodity block of the Leontief inverse (I — Q) !, and ¥¥ is its factor-content
block.

Compensated supply and demand derivatives Let

com com com com
LT’ P = LT p(%lpc) ’ Xi’ P = Xi’ p(%/pc> 7

and define . .
. dlogLy"™" Ly 0logL;”™™
Trs = dlog(ws/A)’ Trs = dlogps ’

. axgomp )(,p_ aX;:omp

Trs = dlog(ws/A)’ s = dlog p’

Then
dlog L™ = Y 4k, (dlogws — dlog A) + Y iy dlog pt, (59)
seR seR
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dx,"™ = Y s (dlogws — dlog A) + Y ¥ dlog pt. (60)

seR sER
Factor Domar weights

r/

dlog ;"™ = dlogw, + dlog L,""" — ) /\i,omp [d log w, +dlog Lcomp] . (61)
1,./
Using (59), this can be written in terms of d log ws, d log ps, and d log A.

Commodity market clearing Foreveryi € C+ N + R,

dlog ;™ = o Y d"P1li=c(r)]+ Y (jSdA]?O P AP PdQﬁ)]. (62)
i reR jeC+N

Here dx; "F comes from (60), dQ from (57), and d log A;omp from (61)-(62). Given d log A
from (56) and d log z;, the equations (57)—(58)—(59)—(60)—(61)—(62) form a linear system that
determines

dlogp;, dlogw,, dlogCl, dlogA;™™"

up to the choice of a numeraire.
Numerical integration algorithm

Step 0 (initialization, t = 0)

i. Solve the decentralized equilibrium at t = 0 to obtain
p(0), w(0), ©2(0), A(0).
ii. Set A(0) = 1.

Step 1 (shocks and grid)
i. Specify a path z(t) and compute d log z;(t) / dt.

ii. Choose a time grid 0 =ty < --- < tx = t with Aty =t 1 — t;.
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Step 2 (foreachk =0,...,K—1) Given
p(t), w(ty), Q(ty), AP (), A(t),
proceed as follows.

2.1 Hulten step Compute

dlog A
dt

=Y amy) TOBE|
tx icC+N t tx

2.2 Compensated demand and supply

i. Compute the relevant directional elasticities of compensated supply and demand:
L Ly x xp
Nysr Mrs » Nrsr Hrys

at that point (either analytically using Proposition 4 or by finite differences and sim-
ulation).
ii. Use (59) and (60) to express dlog L;°™ and dx;""F as linear functions of d log ws,

dlog p§ and the known d log A "

2.3 General equilibrium
i. Use p;y = Pe(r)s and plug (59), (60), (57), and (58) into (61) and (62).

ii. This yields a linear system for

d log Pi d 10g Wy d log Ql‘]‘ d lOg Al?omp
at dt it dt

7

tx
where (dlog A/dt) |tk and (dlogz;/dt) |tk are known. Fix a numeraire and solve the

system, omitting one redundant market-clearing equation.

2.4 Time update For each strictly positive component x € {p;, wy, Qij, Afomp ,A},

dlog x
log x(ti41) = log x(b) + P

Aty.
fx

Structurally zero entries of () remain zero. Repeat until fx.

A28



C Appendix for Section 5

C.1 Proofs for Section 5

Proof of Proposition 5. All variables are evaluated in the compensated equilibrium, and we
suppress the superscript comp. First we introduce producer-specific fixed factors X,
whose effective supplies are X ¢/ A and whose shadow prices are wy. These shadow prices
may be negative. Without loss of generality, production is constant returns to scale in
intermediate inputs, labor, and these fixed factors (since non-constant returns can always
be modelled as constant returns with additional factors). We include payments to these
auxiliary factors in household transfers so that the sum of household transfers must equal

wedge revenues and payments to the fixed-factors:

Twr )~ D (1- 1) + 22 _qor g e

Here GDP = ) ;.- piyi and ) ; l;; = L,/ A. Differentiating the last equality and applying
aggregate Shephard’s lemma gives

w, L
Y pidyi =Y wdl, =Y —dlogA. (63)
ieC ) r A

Differentiating producer i’s technology and using its variable-input first-order conditions

and fixed-factor shadow values gives

Z dy; = P;lyl dlog z; +Zp] dx;j +Zwrdllr +wad < f)
1

Sum across producers, cancel intermediate inputs by market clearing, and use }; X;s =
Xrand d(Xf/A) = —(Xf/A)dlog A. Combining with (63) and dividing by GDP gives

Iz f i 1 i

where A, = (wyL,/A)/GDP and A; = (w¢X¢/A)/GDP are factor-payment shares. The
income identity above implies ), A, + Y s Af =1 -} Ai(1—1/p;). Hence

ll—ZA (1—y—>] dlog A = Z—dlogz,+ZA (1—y—>dlogy1 (64)

1 1
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Now represent each employment input (i,7) by an auxiliary sector with one unit of a

producer-specific fixed factor, whose effective supply is X(; .1/ A = 1/ A. Its output is
yir = LT (1) A) % = 6L, 4y = Al

These auxiliary sectors generate no net household transfers, because wedge revenues ex-
actly offset payments to the producer-specific fixed factors. Their prices therefore equal
average labor cost rather than marginal cost. Their price, marginal cost, and implied
wedge are

”‘zr

7'
Pir = acj, = er””‘w yZ fir mc;, =

- 4 Pir
1+a;, —— =1 ..
1 +a;, (ylr ) Ty Hir mc;, + gy

Since the wedge offsets the payments to the producer-specific fixed factor, the sales share
piryir/ GDP of these auxiliary producers is the original wage-bill share A;,. This represen-
tation therefore preserves GDP, household transfers, and the original producers’ private
input costs. Apply (64) to both original and auxiliary producers. The auxiliary sectors
have no productivity shocks, and

dlogyi, = (1+ wa;)dlogl;, — dlog A.

Their contribution to the right-hand side of (64) is

11’

1
Z)\ir (1 - —) dlogyir = Z/\irﬁcir dlog Ezr
ir ;’llr ir

The last term also appears on the left-hand side of (64) and cancels. We are left with

[1—2/\ (1—}{—)] dlog A = Z—dlogzlJrZ/\ (1—y—)dlogyl—FZAroczrdlogEW
1

Lr
]

Proof of Proposition 6. Start with an equilibrium with zero transfers. To prove this result,
we construct lower and upper bounds with the same first-order change.

Let CO = EY/pS° denote initial consumption in location r. Hold households’ con-
sumptions and locations fixed, and let Z'* adjust so that, holding labor supplies by lo-
cation fixed, the production sector can deliver CO using factor supplies ZIPL9. This is
always possible locally as long as every production function is smooth at the status quo.
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Take this allocation, with producer prices and wages (p, w) that support this allocation
given firms’ first order conditions, and set A’* = 1/Z'. This allocation is implementable
using place-based compensations. To see this, set the common transfer T to zero and

choose subsidies so that
Zlbwrpglo
=% = —ope
wT p]"
Every household then faces its entire status-quo consumption menu:

Z%a w0 apw?

=P~ p

Thus, every household’s original location and consumption are still optimal. Zero profits
and market clearing imply ¥, psC% = Z"* ", w, LY. Since C? = (w?/pS°)LY, this identity
also implies ¥, T,pSC? = 0: the subsidies are budget balanced. Consequently, A’ is a
feasible solution for the problem defining AP’. Hence, A"’ < AP,

For an upper bound, let A"’ be the largest 1/Z attainable by choosing households’
consumptions and locations, together with all production plans, subject only to techno-
logical feasibility and

(1) =g (D, 19) for every h.

Factor availability in location r is ZL, = Z [ ay,1[l; = r]dh. Every allocation imple-
mentable with place-based compensations is feasible for this unrestricted planner. Hence,

At the status quo, the first welfare theorem implies that the initial competitive allocation
solves the unrestricted planner’s problem. Thus, all three indices are equal to one initially.

Assume that the unrestricted planner’s problem satisfies the regularity conditions for
the constrained envelope theorem at the status quo. The initial competitive prices provide
the planner’s shadow values. The envelope theorem therefore gives

ZieC+N p?y?dlogzi _ Z /\?dlogzi,

dlog AUl — =
Zr E9 ieC+N

where all differentials are evaluated at the status quo. Changes in household locations
and production choices have no additional first-order effect on the optimized value. This
also shows that, to a first-order, dlog A"* = dlog A", since the only difference between

these allocations are changes that have no first-order effect. By the sandwich argument,
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we have that d log A"” also obeys Hulten’s theorem.

log AP? ~ log A ~ Y. A?Alogz;.
i€EC+N

D Appendix for Section 6

D.1 Proofs for Section 6

Proof of Proposition 7. By Hulten’s theorem (Hulten, 1978), to a first order we have:

AlogY =~ ) A;(0)Alogz; + Y A,(0)Alog L.

reR
By Corollary 2,
Alog A~ ) A;(0)Alogz;.
i

Subtracting the second equation from the first gives

AlogY — Alog A~ Y  A,(0)AlogL,.

reR
Using A,(0) = w,(0)L,(0)/ Y- w,/(0)L,(0), we have that to a first order,

_ w(0)L(0) AL w(0)
MOAlog L= & O L) 1(0) — Ty (0L (0)

Summing across locations proves the proposition. O

Proof of Corollary 5. Here Y (t) is the chained Divisia real-GDP index, normalized to one at
the status quo, as discussed after Corollary 5. By Hulten’s theorem (Hulten, 1978)

t .
log AMEP (1) :/0 ZAi(s)d13§Zl ds,
1

whereas Theorem 2 gives

t .
log A(t) :/0 Z/\fomp(s)%ds.
1
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Since preferences rank allocations only by consumption and there is a common consump-
tion good, household & ranks locations according to (Zay,w, + T},) / p°. Because Z and T,
are common across household /’s location alternatives, this ranking is equivalent to rank-
ing ap,w,. Consequently, location choices and labor supplies are independent of both Z
and the compensating transfers. Hence,
lzomp (w, p°) = I, (w, p°).
Furthermore, because there is only one common consumption good, Domar weights do
not depend on the distribution of spending across locations. Hence, /\Eomp (s) = Ai(s), for
every i and s, which implies
A(t) = AMEP (1),

We next show that AMFP(t) = Y(t). Hulten’s theorem gives
dlogY dlog z; dlog L,

=) Ai(t Ar(t .

reR

The second term is the reallocation effect. Consider a marginal mass dh of households
moving from i to j. Since households choose locations to maximize nominal income, a

marginal mover satisfies ay;w; = ap;jw;. Its contribution to the reallocation effect is

(anjwj — apiw;)

CDP dh = 0.

Summing across all marginal flows implies }_, A, (t)d log L, = 0. Therefore,

dlogY(t)  dlog AMFP(t)
at dt '

Since both indexes equal one at t = 0, integrating gives Y () = AMFF(t), which proves
the result. O

Proof of Proposition 8. For a continuum of households, interpret the minimum and max-
imum as the endpoints of the cross-sectional support of Aj(t). Thus, for any b strictly
between these endpoints, a positive measure of households has A, (t) < b and a positive
measure has Ay(t) > b. For any b > 0, define

_ apwr(t) .0
dy(b) _mraxuh( bpe(t) ,r) uj,.
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By the definition of Aj(t) and monotonicity in consumption, d,(b) > 0 if A,(t) > b,
dy(b) < 0if Ap(t) < b,and dj,(b) = 0if Aj(t) = b. By definition,

(i) (3) - s

If b < miny, Ay(t), then Aj(t) > b for every household, so dj(b) > 0 for every household.
Hence, E[dj,(b)] > 0, and average utility at ¢, after dividing consumption by b, exceeds

average utility in the status quo. Similarly, if b > maxj; Ay (t), then d;,(b) < 0 for every
household, so E[d;,(b)] < 0. Therefore,

min A (t) < AY(¢) < max Ay (f).
Now fix any b strictly between these bounds and let
Dy = Ed,(b)1{A,(t) > b}],  D_= —E[d,(b)1{A,(t) < b}],
which are both positive. Replace each utility representation u; with

D_uy(c,r), Ap(t) >b,
up(c,r) = S Dyuy(c,r), An(t) < b, for every (c, 7).
up(c, 1), Ap(t) =,

These positive rescalings leave ordinal preferences and Aj(t) unchanged. Under the
transformed cardinal utility functions, the change in average utility when consumption
at t is divided by b is

D_E[d)(5)1{A,(t) > b}] + D1 E[d,(b)1{Ay(¢) < b))
=D_D, —D,D_=0.

Therefore, average utility after dividing consumption at ¢ by b equals average utility in
the status quo. By the definition of A" (t), this implies that AW (t) = b. Because b was
arbitrary, every value strictly between the bounds can be attained. O

A34



D.2 Compensating variations in ratios and differences

In Section 6.2 we defined the sum of compensating variations as

5(t) = — [ Tulw(t),p(t)) dh

The following lemma shows that S(t) is equal to the maximum difference between total
income and the sum of compensating incomes (minimum income to attain indifference

with the status quo), evaluated at ¢ equilibrium wages and prices.

Lemma 1 (Equivalent definition of S(t)).

S(i’) = max {/ [wlh (t) ahlh — plch (t) Ch] dh : uh(ch, lh) = ug Vh} .
{Cendn)tnen (R

Proof. The minimizer in the definition of T (w, p©) must satisfy uy(c;, I;;) = ug. Thus

Th(w,pc) = min Ty - Zpgchl[lh = 7"] < Zahrwrl[lh = 7‘] + Th} .
r r

Ch/lh/Th
up(cp )=t

For any (cy, [;), the budget constraint implies Tj, > pfhch — Wy, apy,, SO at the minimum

T, = Pfhch — wy, ap, . Hence

(s : C
Tiy(w,p) = min  {pjcy, —wy,ap,},
hsth
wy (cp dy)=ul)

and therefore

C\ __ C
—Ty(w, p°) = T?%X {wl,,ﬂhzh - Pz,,Ch}-
hrth
up (cp b)) =ul)
Summing over h,

st = | max {w, (H)aw, — pj, (t)en} dh.

up (cp dp) =1

Because choices and payoffs are additively separable across households, maximizing the
integral over all feasible profiles {(cy, ;) }nen (i-e. those that satisfy uy(cp, I;) = u2 Vh)
is equivalent to choosing, for each h, a maximizer of the integrand, giving the stated

result. O]

Consider now an alternative definition of Kaldor-Hicks efficiency as the maximum
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ratio — rather than the difference in terms of the numeraire — between aggregate income

and the sum of compensating incomes, at t wages and prices:

t) apy, dh
AKH t = max fh wlh( h _— c ,l _ uo Vh |
" {(Chrlh)}heH{ Jups (8) cpdh n(en In) = uy,

Note that, in general, the allocations that maximize S(t) do not coincide with those that
maximize AXH(t). However, the following proposition shows that Kaldor-Hicks effi-
ciency rises (i.e. S(t) > 0) if and only if AKX (t) > 1. Therefore, AXH(t) inherits the
same undesirable properties in general equilibrium as S(t). For example, as discussed in
Section 6.2, pure transfers cause Kaldor-Hicks efficiency to rise.

Proposition 15 (Equivalence in sign between S(t) and AXT(¢)).
sign(AXH () — 1) = sign(S(t)).

Proof. We can write

/h [y, (£) ay, — P, (£) c4] dh = /h w;, (£) ay, dh — /h P (8) ey dh

B c S w1, (t) apy, dh
— (/hplh(t)chdh) ( }hPfh(t)Chdh —1>.

Because prices and compensating consumption expenditures are positive,

/hpgh(t) cpdh > 0

for every admissible profile. Thus, the sign of the left-hand side is the same as the sign of
the term in parentheses. For every admissible profile, the sign of

| T, () g, — i, (1) 1] an

coincides with the sign of
fh wlh(t) ap, dh 9

Jupi () crdh

By Lemma 1, S(¢) is the maximum of the former over all feasible allocations, while

AKH($) — 1 is the maximum of the latter over all feasible allocations. Since the sign equiv-

alence holds allocation by allocation and both S(t) and AXKH () — 1 are maxima over the
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same feasible set, it follows that
S(t) >0 «= AKH(1) > 1, S(t)=0 «— AM(t)=1, S(t) <0 «— AFH(1) <1,

which is equivalent to sign( A (t) — 1) = sign(S(t)). O

The virtue of defining AKH a5 a ratio, rather than a difference, is that when real wages
are pinned by technologies — i.e., they do not depend on labor supply L or on demand
x — then AKH(t) = A(t). The assumption that real wages are independent of L and x,
that holds in the one-good economy of Example 1, is very strong. It implies that the real
marginal product of labor is constant, which is to say that labor in each location can be

converted into consumption goods in that location using a linear technology.

Proposition 16 (Equivalence between A(t) and AXH (t)). Suppose that real wages and relative
prices in the decentralized equilibrium are independent of labor supply {L,} and demand {x,}.
Then AKH(t) = A(t).

Proof. By Dinkelbach’s theorem (Dinkelbach, 1967), the allocation that attains AXH(¢) also

maximizes (0
wy, \t)ap; c
ety s

subject to uy(cp, Iy) = uf) for every h, and the maximized value is zero. By separability
and Proposition 1, this allocation consists of the compensated choices evaluated at wages
w(t)/ AKH(t). Therefore,

Y we(t) L™ i 7))

AR(1) =
(s v (1))

(65)

This representation has the same form as Equation (11) in Theorem 1: there, A(t) is char-
acterized as the maximum proportional reduction in aggregate factor-augmenting pro-
ductivity such that winners can compensate losers, with wages and prices evaluated in
the compensated equilibrium. Here, AX(t) is the maximum proportional reduction in
wages in all locations such that it is possible for winners to compensate losers (based on
prices and wages at t) and there is no money left over (sum of net transfers equals zero).
By assumption, equilibrium real wages and relative consumption prices do not de-
pend on labor supply or demand. Hence the real wages and relative consumption prices

in the compensated equilibrium coincide, up to a common nominal normalization, with
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those in the decentralized equilibrium without transfers. Under this condition, Equa-
tion (11) reduces exactly to (65). Since (65) characterizes AXH (t) and Equation (11) char-
acterizes A(t), it follows that AKH () = A(t). O

D.3 Welfare effects of removing the Interstate Highway System

In this appendix, we repeat a counterfactual exercise in Allen and Arkolakis (2014), re-
placing the baseline bilateral trade-cost matrix with its no Interstate Highway System
(IHS) counterpart. This removes the speed advantage associated with interstate high-
ways while leaving the remaining road, rail, water, and air networks unchanged. We
use the calibration described in the text without externalities, and consider three mobility
elasticities: our baseline value of 6 = 3, and two sensitivity values, 8 = 1/2 and 6 = 10.
For each 6, we recalibrate z, and B, so that the model exactly reproduces the same initial
population and expenditure shares by county.

Table 1: Welfare effects of removing the IHS

=05 6=3 6=10
Panel A. TFP-equivalent aggregate surplus, A -1.59  -1.55  -1.47

Panel B. Consumption equivalent for average utility, AW

up(cr, v) = Brcrep, -1.70  -1.66 -1.56
up(cr, ) = Bycrey,/ maxy{ep } -0.06 -142 -1.51
up(cr, ) = exp(Bycrey, / max,{ep}) -043  -0.64 -1.45
uy(cr, ) = —exp(—Bycrep,/ max,{ep }) -1.73  -1.68 -1.56
Minimum possible value -1320 -1149 -8.94
Maximum possible value 4.47 2.81 1.09

Notes: All entries are 100 times log changes from the baseline to the no-IHS econ-
omy. All columns impose no externalities, « = 0, and use ¢ = 9. The parameters
{z+} and {B,} are set to target the same initial population and expenditure shares
by county, together with ¥_,(B,c?)?/R = 1. The bounds on A" are from Proposi-
tion 8.

Panel A of Table 1 shows that removing the IHS reduces A by around 1.5-1.6%. The
loss is larger when mobility elasticities are lower, consistent with Le Chatelier’s princi-
ple. In contrast, Panel B shows that the consumption equivalent for average utility, A",
depends on the cardinalization of utility. We consider the standard Fréchet cardinaliza-
tion, normalization by each household’s maximum taste draw, and convex and concave
transformations of the normalized utility. These specifications represent the same ordinal
preferences but, at the baseline 6 = 3, imply welfare losses ranging from 0.64% to 1.68%.
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The results are more sensitive to the choice of cardinalization when mobility elastic-
ities are lower. More generally, Proposition 8 shows that different cardinal representa-
tions of the same ordinal preferences can produce any consumption-equivalent change
between the bounds reported in the last two rows. With 6 = 0.5, these range from a loss
of roughly 13% to a gain of 4.5%, all consistent with the same underlying behavior.*® As
6 tends to infinity, households become homogeneous and their individual consumption

equivalents coincide, so that the choice of cardinalization no longer matters.*’

D.4 Average utility in dynamic discrete choice

Naively averaging utilities across households in a dynamic model is subject to the same
criticisms as in a static model. However, if we restrict ourselves to comparing alloca-
tions for which all agents have the same preference ranking, then using average utilities
is harmless since all households agree on the ranking, so a consumption-equivalent vari-
ation for average utilities is the same as one constructed agent-by-agent. We first describe
this result in a general setting and then apply it to the Caliendo et al. (2019) framework.
Each household has a preference relation, >j, ranking state-contingent streams of
consumption and location {c;(s?), [;(s') }, where s’ is the history, including idiosyncratic
tastes, up to date t. Suppose that, at each date t — 1, conditional on moving to location r
in the next period t before that date’s taste shocks are observed, all households have the
same preference rankings over the future starting at t. Then, the consumption-equivalent
variation across two alternative consumption-location streams that both start at location
rin t is the same for every agent, regardless of that agent’s identity and where that agent
is in period t — 1. Specifically, letting u; denote a utility function representing >, the

consumption-equivalent variation A, that solves the following indifference condition

Uy (Ef—l (St_l)/ l_t—l (St_l)/ Al’ct/ 7, Arct+1 (St+1)/ lt+l (St+1)/ .- > —

uy (Et,l(st_l),l_t,l(st_l),ci,r, i (stth), ;H(st“),...) , (66)

46 An odd feature of the common uy(cr, ) = Brcrey, cardinalization is that average utility diverges when
the mobility elasticity 0 is less than or equal to one. This is because the Fréchet taste parameters ¢, are
sufficiently fat-tailed that their expectation is infinite. However, we can still calculate A" using (33) if we
cancel the diverging constants from both sides before taking a limit where 0 falls below one. So, while the
level of average utility is infinite when 6 < 1, there is still a way to compute the consumption-equivalent
change. The alternative cardinalization, where you normalize by the maximum value of ¢j,, does not have
this divergence issue.

7 As 0 — oo, we recover the Allen-Arkolakis homogeneous-agent case, with a welfare loss of 1.1%. In
this case, A" = A; see Appendix A.2 where we discuss aggregate welfare in economies with homogeneous
agents.
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is the same for every agent. This calculation produces a consumption-equivalent varia-
tion A, for each location r. Since A, is the same number for every household, it is also
the consumption-equivalent variation if we use a utilitarian or average utility welfare
function (since all households have the same preference ranking over these restricted al-
locations).

In Caliendo et al. (2019), each agent h’s preferences at time t are described by:
vy = loge; + max {BVE — 77 + e}, Vi = Ee,, [0, (67)

where r and s index locations and 7"° is a moving cost. The expectation defining V} is over
the vector of taste shocks €;; = {€j,}s for each location s. With independent, mean-zero,
type-I extreme-value draws of €’s across destinations and time, any household choosing
at t — 1 to enter market r at t has the same expected continuation utility from ¢ onward,

evaluated before observing its date-f tastes:

Vi =logc, + vlog <Zexp {BVi, — 1" 5) , (68)
S

where v > 0 is a scale parameter.
Applying (66), it is straightforward to show that the consumption-equivalent A,

solves

log A
log C'ihf{l — gh—1r ezlt,l + B {Vtr + fg_ ,Br}

Ty
=log¢)" — T €nr1 t BV,

(69)

The household-h specific terms cancel out, leaving;:
log Ay = (1= p)(V/" = V).

This is the welfare change, for each r, reported by Caliendo et al. (2019) (right before
equation 31 in Appendix A.2 of their paper). It does not depend on the households’
identity, h, or the date-t — 1 location Ij, ;_, and is invariant to monotone transformations
of utility.

The restriction on the comparisons in (66) is important. Fixing consumption and loca-
tion at t — 1 alone does not fix the market entered at t. Suppose instead that the baseline
continuation starts in r at f and the counterfactual continuation starts in s. Holding con-
sumption and location at t — 1 fixed, the household prefers the counterfactual if and only
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if

B(VE = Vi) >t —tht (e, g — €, q) - (70)
For s = r, the right-hand side is zero. But if the two locations are different, s # r, then
the comparison depends on the household’s date-t — 1 tastes and possibly its date-t — 1
location, so households can disagree. Moreover, the consumption equivalent from a fixed
starting market » need not equal that from another starting market: A, # As.

As discussed in the Remark on page 12, we can also apply our notion of welfare to
measure surplus for any subset of agents. If one applies our measure to the same compar-
ison as (66) for an infinitesimal agent, then one obtains the same consumption-equivalent
welfare as A, in (69).

However, our framework allows us to measure aggregate surplus without requiring
this type of homogeneity of agents. In particular, we can measure collective surplus for all
agents across all regions and allowing for changes in the initial period in the counterfac-
tual. For a group of heterogeneous households, our measure uses a common endowment
contraction and balanced-budget transfers to keep each household indifferent to its own
status quo, allowing compensated equilibrium prices to adjust. It does not require house-
holds to agree on rankings or consumption equivalents, and can accommodate changes

in choices from date t onward and comparisons across markets.
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