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Abstract

What are the long-run effects of permanent changes to productivities, taxes, and
other economic parameters, accounting for changes in the capital stock? We show
that balanced growth paths of dynamic open economies can be represented as equi-
libria of equivalent static economies, in which capital services are intermediate inputs
subject to wedges that capture deviations from the Golden Rule of savings. Hence,
tools developed for distorted static economies can be used to characterize long-run
comparative statics. The long-run impact of any shock on consumption has two com-
ponents. First, a mechanical technological impact captured by a cost-based Domar
weight, which we show far exceeds the sales share for investment industries and their
suppliers. Second, there is a resource reallocation effect, which increases consumption
if it raises capital intensity, with the magnitude determined by how much the real-
location lowers the aggregate labor share. These reallocations can be quantitatively
significant: tariffs, for example, generate long-run consumption losses that far exceed
their static GDP impact, by reallocating resources away from capital formation. The
magnitude of losses from tariffs depends primarily on the economy’s internal elastici-
ties — such as the elasticity of substitution between capital and labor and the elasticity
of household asset demand to interest rates — rather than on the trade elasticities that

are central in static models.
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1 Introduction

This paper studies the long-run macroeconomic effects of permanent shocks. How, for
instance, does the level of aggregate consumption respond to a permanent change in pro-
ductivity, taxes, or tariffs, once capital and other accumulated factors have fully adjusted?
Questions of this nature are central to empirical macroeconomics. In cross-sectional work,
researchers investigate how permanent differences in policies or technologies explain per-
sistent differences in outcomes between countries or regions. In time-series analysis, they
ask how changes in technologies or economic regimes shift the long-run level of consump-
tion or GDP.!

While these long-run outcomes may not be direct measures of aggregate intertemporal
welfare (accounting for transitions), they remain a primary focus of empirical work for a
practical reason: they are far easier to measure. Calculating changes in dynamic welfare
requires taking a stand on things like discount factors and social welfare weights, whereas
long-run shifts in consumption or GDP can be readily quantified using standard national
accounts data.?

Despite their empirical importance, a general characterization of long-run outcomes in
dynamic general equilibrium models is lacking. This contrasts sharply to the analysis of
static networked economies, where a rich literature provides powerful characterization
results that map microeconomic parameters to aggregate outcomes in general settings
(Harberger, 1964; Hulten, 1978; Baqaee and Farhi, 2019; Liu, 2019; Bigio and La’O, 2020;
Bagaee and Farhi, 2020). This paper develops a dynamic analogue to these results.

We provide a general characterization for the long-run effects of permanent shocks,
with formulas stated in terms of observable primitives like expenditure shares and mi-
croeconomic elasticities, without strong functional form assumptions. Our framework al-

lows for multiple countries, each with potentially overlapping generations of households

For example, the development accounting literature seeks to explain cross-country differences in out-
comes — such as hours worked and GDP per capita — by appealing to differences in taxes, endowments,
and technologies (e.g., Prescott, 2004; Hsieh and Klenow, 2010). In the time-series dimension, quasi-
experimental methods like difference-in-differences and synthetic controls are used to estimate the long-run
impact of permanent shocks, such as joining the EU (Grassi, 2017) or Brexit (Born et al., 2019), on consump-
tion, investment, and GDP.

2Measures such as aggregate consumption and GDP can be defined in terms of static prices and quanti-
ties, and are routinely constructed by statistical agencies. In contrast, intertemporal welfare is notoriously
difficult to measure empirically. Its calculation requires researchers to make assumptions about numerous
unobservables, including the expected path of future prices and quantities, social welfare weights for differ-
ent households or generations, and the specific rates used to discount the future. Recent work continues to
explore these complexities from both a macro perspective (e.g., Basu et al., 2022, assuming a representative
agent) and a micro perspective that allows for household heterogeneity (Del Canto et al., 2023; Fagereng
et al., 2022; Baqaee et al., 2024)



facing uninsurable idiosyncratic risk. The model’s production side is also general, ac-
commodating flexible neoclassical production functions, multiple types of capital goods,
arbitrary input-output networks, and any pattern of tax-like distortions.

The starting point for our analysis is a result establishing an equivalence between dy-
namic and static economies. We show that the prices and quantities along a balanced
growth path (BGP) can be represented as the equilibrium of an as-if static economy with
wedges. In the equivalent static economy, the flow of capital services is treated as an in-
termediate input produced from investment goods and sold at a markup. For each capital
good i, this as-if markup wedge y/; is given by the ratio of capital income to investment ex-
penditures. Intuitively, since capital income is the revenue generated by the capital stock,
and investment is the cost of maintaining the stock, the ratio between them is isomorphic
to a markup, and the size of the wedge y; quantifies the deviation from the Golden Rule
of savings.?

The equivalence between dynamic and static economies means that the long-run effect
of a permanent shock to any parameter can be characterized by a corresponding shift
in the parameters and wedges of the as-if static model. This allows us to import the
rich analytical toolkit developed for distorted static economies to characterize balanced
growth comparative statics.

We begin by analyzing the long-run effect of productivity improvements when rates of
return are pinned down by consumer preferences, so that the capital wedges y are fixed.
With Cobb-Douglas production and preferences, we show that the long-run consumption
impact of a sectoral productivity shock is fully summarized by that sector’s cost-based
Domar weight. This weight measures a sector’s importance not by its sales, but by tracing
its full contribution to the costs of consumption goods through the input-output network.
When the economy is not at the Golden Rule, the measure exceeds a sector’s simple sales
share because the rental costs paid by users of capital exceed the sales of investment sec-
tors. The deviations between cost and sales shares are largest for industries that produce
investment goods or that supply inputs to them. For example, we show that while the
construction sector’s sales are 13% of world consumption, its cost-based Domar weight is
36%,; for machinery, the corresponding figures are 5% and 14%.

The Cobb-Douglas case is special because productivity shocks do not alter the econ-
omy’s resource allocation: the distribution of each factor and output across different uses
remains fixed. When we deviate from this case, the direct technological effect — still sum-
marized by the cost share — is complemented by a reallocation effect, reflecting long-run

3This is the same criterion as the one introduced by Abel et al. (1989) for determining whether the capital
stock is below its Golden Rule value.



consumption gains from moving resources towards more capital-intensive uses. We show
that this additional effect can be fully summarized by a measure of the decline in the ag-
gregate labor share. For example, if capital and labor are gross substitutes, productivity
improvements in investment goods trigger a positive reallocation effect by reducing the
labor share. The effect is reversed if capital and labor are gross complements, with Cobb-
Douglas being a neutral special case. This summary statistic for reallocation effects is
highly general: for example, it remains true even when considering changes in global
aggregate consumption in open-economy models.

For productivity effects, we also derive a dynamic analogue to Hulten’s theorem for
long-run consumption: when economies operate at the Golden Rule, the long-run impact
of a productivity shock simplifies precisely to its sales share relative to consumption. As
in the original theorem from Hulten (1978), this result is independent of the underlying
production network or substitution elasticities. It is also independent of whether rates
of return adjust. The intuition is twofold: First, at the Golden Rule, the “as-if” markups
on capital disappear, causing cost shares to collapse to sales shares. Second, because a
Golden Rule economy already maximizes long-run consumption, the envelope theorem
applies, and first-order effects from resource reallocation are zero. The combination of
these two facts leaves the simple sales share as the sole determinant of a sector’s long-run
importance for consumption.

Having analyzed productivity shocks with fixed rates of return, we generalize our
framework in two directions. First, we allow for imperfectly elastic asset demand, which
makes rates of return endogenous. Second, we consider the effect of permanent changes
to exogenous distortions like tariffs and markups. We show that in both cases — endoge-
nous changes in returns or exogenous changes in taxes — are isomorphic to changing
wedges in the equivalent static economy. We use this equivalence to show that the con-
sumption gain from changes in wedges is positive if resources shift toward more capital-
intensive uses, but only if capital income exceeds investment costs. Furthermore, these
effects are summarized by how much the reallocation of resources reduces the aggregate
labor share (this is the change in the aggregate labor share minus the mechanical effect
coming from changes in wedges).

We demonstrate these points using two analytical examples. First, we consider pro-
ductivity changes in an economy with imperfectly elastic asset demand, where returns are
endogenous. We show that reallocation effects are dampened by countervailing changes
in returns; for example, if capital and labor are gross substitutes, the reallocation effect
from a productivity increase is counteracted by a rising rate of return. Second, we analyze

a symmetric tariff and show it has first-order negative effects on long-run consumption,
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even starting from free trade, but only if capital income exceeds investment. Further-
more, the first-order losses depend on the elasticity of substitution between labor and
capital, but not the trade elasticity. A tariff makes investment goods relatively more ex-
pensive, and if labor and capital are not perfect complements, this reduces demand for
capital and capital accumulation. If capital income exceeds investment, then the initial
capital stock is below its Golden Rule value, so a reduction in the capital stock reduces
long-run consumption.

We conclude the paper by using a quantitative model to study how the forces we an-
alyze play out in a complete model of the world economy. The model features a rich in-
ternational input-output structure, as in Costinot and Rodriguez-Clare (2014) and Baqaee
and Farhi (2024), and overlapping generations of households in each country that accu-
mulate capital subject to undiversifiable idiosyncratic investment risks, as in Angeletos
and Panousi (2011). The model delivers endogenous risk premia that vary by country
and industry, as well as a common endogenous risk-free interest rate on a global bond
in zero net supply. We calibrate our model using expenditure shares from the World-
Input Output Database (Timmer et al., 2015), augmented with investment flows data from
Ding (2022). We characterize comparative statics in terms of parameters and expenditure
shares, and solve for nonlinear effects by integrating these first-order effects.

We use the model to conduct two experiments to validate the intuition gained from the
analytical examples. First, we analyze the long-run consumption impact of permanent,
industry-specific productivity shocks. In a benchmark case where Cobb-Douglas aggre-
gation of capital and labor limits the scope for reallocation, we find that an industry’s
importance for long-run consumption is extremely well summarized by its cost-based Do-
mar weight, and that it is poorly approximated by its sales share. The distinction is stark
for industries upstream of investment. For example, the elasticity of long-run consump-
tion to a permanent productivity increase in construction is 0.37 even though its sales
relative to consumption is 0.13. In contrast, the effect of a shock to a large downstream
sector like food is well approximated by its sales relative to consumption.

We then show how these impacts are modified by reallocation effects once we move
beyond the Cobb-Douglas benchmark. The elasticity of substitution between capital and
labor becomes central. For a productivity shock in an investment-related sector such as
machinery, the consumption gain is amplified when capital and labor are substitutes (as
the economy shifts to more capital-intensive production, lowering the labor share) and
is dampened when they are complements. This reallocation channel, however, is only
potent for shocks that alter the relative price of capital. It is therefore negligible for down-
stream industries like food or health care.



Our second quantitative experiment analyzes the long-run consequences of a global
trade war. We consider the effect of the US imposing the tariffs announced by the Trump
administration on April 2, 2025, with symmetric retaliation from other countries. The
trade war reduces long-run global consumption by approximately 1%. The effect is almost
four times bigger than when capital is held fixed. We decompose consumption-losses
analytically into a component driven by capital adjustment, and components driven by
terms-of-trade and changes in the current account. We find that almost all effects are
driven by changes in capital accumulation, rather than by the other two traditional trade
mechanisms.

As highlighted by our analytical examples, the quantitative dominance of the capi-
tal channel also means that the key parameters governing long-run consumption losses
are different from those in a static analysis. The magnitude of the consumption decline
depends primarily on the economy’s internal elasticities — such as the elasticity of substi-
tution between capital and labor and the elasticity of asset demand from saving — rather

than on the traditional Armington trade elasticities that are central in static models.

Related Literature. Our paper is related to a long tradition on the treatment of investment
and capital in national income accounting. One recurring theme in this literature is that
since consumption is the only true final good, investment goods should be viewed as
intertemporal intermediate inputs (Kuznets, 1941; Hulten, 1979), prompting suggestions
for different ways of netting out investment costs from GDP, to be consistent with the
treatment of other intermediates (Weitzman, 1976; Barro, 2021). Our paper provides a
precise sense in which capital goods are equivalent to intermediates for the purpose of
long-run comparative statics.

Our paper is also related to Foerster et al. (2022) and Ding (2022) who study balanced-
growth paths and steady states of multi-sector models. Foerster et al. (2022) work with a
closed-economy Cobb-Douglas model with an infinitely-lived representative agent. Our
analysis relaxes these assumptions by having an open economy, arbitrary elasticity struc-
ture, imperfectly elastic capital supply, and heterogeneous returns across sectors. Ding
(2022) constructs investment flow tables for the world economy, and uses this data to
study the gains from trade relative to autarky allowing for adjustments in capital. We
relax the assumption of infinitely-lived agents, no growth, financial autarky, and homo-
geneous returns across capital goods. We also characterize the response of the economy
to a different set of counterfactuals.

Our paper is also related to quantitative dynamic disaggregated and international gen-
eral equilibrium models, pioneered by Long Jr and Plosser (1983) and Backus et al. (1992).



Some recent contributions include Alvarez (2017), Kehoe et al. (2018), Ravikumar et al.
(2019), Dix-Carneiro et al. (2023), Lyon and Waugh (2019), Vom Lehn and Winberry (2022),
and Kleinman et al. (2023).* We complement this literature by providing analytical charac-
terizations for balanced-growth outcomes. Second, in contrast to our paper, this literature
tends to work with infinitely-lived representative agents which results in a capital supply
curve that is infinitely elastic and a rate of return that is fully pinned down by preferences
and the growth rate.

In terms of methodology, we draw on and generalize tools from the literature on shock
propagation in static production networks, in particular, Costinot and Rodriguez-Clare
(2014), Bagaee and Farhi (2020), and Baqaee and Farhi (2024). They consider static pro-
duction networks with exogenous wedges and exogenous trade imbalances. We extend
these frameworks to account for capital accumulation. In our paper, wedges and trade
imbalances are determined endogenously by equilibrium in capital markets. Other pa-
pers in this literature include Foerster et al. (2011), Gabaix (2011), Acemoglu et al. (2012),
Di Giovanni et al. (2014), Buera and Trachter (2024) and Dévila and Schaab (2023).

Our paper identifies that a central determinant of the long-run response of consump-
tion to shocks is the aggregate elasticity of capital-to-labor income. This is an object that
has previously been extensively studied for its role in determining inequality and struc-
tural transformation (e.g. Antras, 2004; Rognlie, 2016; Oberfield and Raval, 2021).

Finally, our approach to modeling trade imbalances is based on the intertemporal ap-
proach to the current account from international macroeconomics (Obstfeld and Rogoff,
1995). As in Angeletos and Panousi (2011) and Cufiat and Zymek (2024), we use a model
where demand for savings is not infinitely elastic in steady state, and we are able to solve
for the long-run outcomes without having to solve transition dynamics. By allowing for
financial frictions, we can relate global imbalances in the current account to financial de-
velopment, similar to Caballero et al. (2008) and Mendoza et al. (2009).

2 Equivalence between BGPs and Static Economies

We first establish an equivalence between BGPs of dynamic economies and equilibria
of static economies. Our results apply to a wide class of macroeconomic models. The
class of models is implicitly defined by a set of necessary conditions that the balanced

4In this paper, we abstract from fixed costs and entry/exit decisions of firms, for example, as in Hopen-
hayn (1992), Melitz (2003). Alessandria et al. (2021) review this literature as it pertains to international trade.
Barkai and Panageas (2021) study how the distribution of the types of entering firms affects long-run con-
sumption near the Golden Rule. Although we do not explicitly study this class of models, we provide an
example of how our results can be extended to models with firm entry in Section 2.
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growth variables must satisfy. Any model satisfying these conditions falls within the
class. We first prove a characterization result for competitive closed economies without
implicit or explicit taxes, before extending the analysis to incorporate distorting taxes and

international trade.

2.1 Environment

Consider a class of closed, competitive, economies. The economies have primary factor
endowments Ly, ..., Lr whose effective aggregate supply grows at a constant and com-
mon rate g:

Le(t) = e8'Ly,

where the growth rate g incorporates both increases in physical supply and factor-augmenting
technological progress. All other technologies and preferences are time-invariant, and we
consider economies having BGPs where all aggregate quantities grow at this common
rate ¢, while prices and rates of return are constant.”> We further require that the balanced

growth paths in the class satisfy the following equations.

Production and profit maximization:

Y; = AiF; [{Lis} rer, {Yij}jen, {Kij}jen] @)
max 7t =pY;— ) welip — ) piYii— ) RiK;. (2)
{Yi,Lif,Yij K } fEF jeEN jeEN

Resource constraints:

Yi=C+X;+) Yi Xi=(g+6)K, Y Lg<L; Y K;<K, 3)
JEN iEN JEN

User cost of capital:

R]' = (1’ + (5])]9] 4)
Consumption.

max U"(CY,...,CYy) st. Y piCi< Y wils+ (r—g)B. (5)
{c ieN feF

Asset market clearing and asset demand.

5Constant relative prices are consistent with growth in our framework because all growth is factor-
augmenting, which ensures constant expenditure shares for a general class of technologies and preferences.
The main case this assumption rules out is an economy with Cobb-Douglas technologies and preferences
but heterogeneous TFP growth across sectors, where relative prices change systematically even as expen-
diture shares remain constant. Appendix A.2 discusses how our analysis can be extended to cover this
scenario.
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We describe each block of equations below.

Production and profit maximization. Equation (1) is the production technology for good
i. We assume that the production function F; has constant-returns-to-scale.® Each i is
subject to a Hicks-neutral technology shifter A;. Although we impose that productivity
shifters, A;, are Hicks-neutral, we can still capture input-specific technology shocks by
relabeling. For example, to capture a shock to i’s use of input j, introduce a fictitious
producer whose sole role is to buy from j and sell to i, and subject it to a Hicks-neutral
shock.

Equation (2) states that production choices are made to maximize profits taking the out-
put price, p;, wages of primary factors, w s intermediate input prices, pjs and the rental
price of capital, R;, as given. If firms own their capital, rather than renting, this assump-
tion still holds provided a shadow rental rate exists under which the balanced growth
allocation is profit-maximizing. For example, in Appendix A.3, we show how to nest

models with costly firm entry and entrepreneurial capital as in Hopenhayn (1992).

Resource constraints. The resource constraints for the economy are given in (3). The
output of each good (Y;) is allocated to final consumption (C;), investment (X;), and for
use as an intermediate input by other producers (Yj;). The second equation states that
investment must be sufficient to maintain the capital stock at the balanced growth path,
and is generally true in dynamic models where capital is accumulated linearly and subject
to a constant depreciation rate. Finally, the last two constraints impose market clearing
for all primary factors and capital goods.

User cost of capital. Equation (4) is a standard user cost of capital formula, saying that
the rental cost of capital consists of a depreciation cost 6;K;p; and a time cost p;r, where
the time cost depends on a required rate of return r, which we for now assume to be
constant across capital goods (relaxed later). When capital prices are constant and all
assets earn the same returns, as on our balanced growth paths, this equation holds across
many dynamic models, since it follows from an indifference condition between holding

capital good i and other assets.

Consumption. Equation (5) states that the vector of consumption goods maximizes a
homothetic utility function given aggregate consumption expenditure. This assumption

®This setup admits decreasing-returns-to-scale, since decreasing returns are equivalent to having
producer-specific fixed factor endowments.



holds both in models where there is a representative household as well as in models with
heterogeneous households that have homothetic preferences (e.g. Aiyagari, 1994). Note
that the expression for aggregate consumption is implied by zero profits of firms, the
resource constraints, and asset market clearing, which means that it holds in any mod-
els where those other relationships hold. In particular, for models with heterogeneous
households, the expression follows from integrating individual budget constraints and

imposing market clearing.

Asset market clearing. The first condition in (6) is the asset market clearing condition,
which states that household asset holdings, B, equal the total value of the capital stock,
Y pjK;; it holds in models where there are no outside assets and where the value of firms
equal the replacement value of their capital, i.e. where Tobin’s Q is 1 on a balanced growth
path.” Later, we consider models where all assets are not perfect substitutes, yielding
multiple asset market clearing conditions.

Asset demand. The last condition in (6) states that household asset holdings on a bal-
anced growth path can be represented using an asset demand correspondence A?(r). The
correspondence does not depend on production parameters directly and summarizes the
role of household savings across different models of asset accumulation. For example, in
Aiyagari (1994), the asset demand for each r is an integral over the ergodic distribution
of assets implied by that r. In overlapping generations models, asset demand is instead
given by the integral across age groups of the asset holdings coming out of an optimal sav-
ings decision given r. In a neoclassical growth model, asset demand is infinitely elastic at
some fixed r determined by preferences and the growth rate. The assumption that asset
holdings normalized by total labor income only depend on returns is in line with many
standard models, where steady-state asset accumulation is homothetic in labor income
(see Auclert and Rognlie, 2018).8 Below are two examples of asset demand correspon-
dences in different dynamic models.

1. Neoclassical growth model. With a representative infinitely-lived household maximiz-
ing discounted utility with discount rate p, no population growth, labor-augmenting
growth rate g, and elasticity of intertemporal substitution -, the consumption Eu-
ler equation implies that the only return consistent with balanced growth is r =

In models where there are pure profits and there are tradable claims to those profits, the capitalized
value of profits need to be included in asset supply.

80ur assumption that A only depends on r and household parameters simplifies exposition and can be
relaxed.
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p + &/7. In this case, asset demand is given by

—% ifr<p+g/v
—#,oo) ifr=p+g/7- 7)
ifr>p+g/y

A(r) =

| —

Q

2. Perpetual-youth model. Consider the overlapping-generations model laid out in Blan-
chard (1985). Agents have log utility over time, can save in riskless capital, there is
no growth, and agents die at a constant hazard rate of v. In steady state, Blanchard

(1985) shows that
((r—p))
. v(v+p
Al = -]’
v(v+p)

which is an upward sloping function of r.

2.2 Equivalent Static Economy

Since our class of dynamic models is implicitly defined through the equations (2)-(6), these
equations can be used to derive conclusions holdings for all models in the class. In partic-
ular, it is possible to show that if we have a BGP of a model that belongs to our class, its

prices and normalized quantities are also the equilibrium of an equivalent static economy.

Proposition 1 (Equivalence Between BGPs and Distorted Static Economies). Consider a
BGP equilibrium with a rate of return r. The following two statements hold.

1. Prices and wages {p;, ws} and quantities {Y;, C;, Kij, Lis, Y} are also the equilibrium of a
static economy where (i) the production functions of goods and the preferences of the repre-
sentative household are the same as in the dynamic economy; (ii) capital goods are interme-
diate inputs produced with a linear technology from investment goods K; = Ay X;, with
productivity shifter Ax, = 1/(g + 6;); (iii) capital goods are sold at a markup

_r+¢4  RK;
g§+do  piXi’

Hi

with profits distributed to households.

2. The rate of return r clears the asset market A (r) = %

The equivalence in the first part of the proposition follows from two observations. First,

maintaining a unit of capital good i along a BGP requires continuous investment of (g +

11



d;) units, which maps to the linear production technology (ii). The BGP marginal cost
of producing capital is thus (g + J;)p;, while firms pay a rental price of p;(r + J;). The
ratios between rental prices and production costs are (r + 9;) /(g + J;), which map to the
markups in (iii). These as-if markups equal 1 if the economy is at the Golden Rule (r = &)
or if inputs are not durable (§; = o). Empirically, y; is simply the ratio of capital income
to investment on a BGP, exceeding unity whenever capital income exceeds investment.?

Economically, the production functions in (ii) reflect that capital goods and regular
intermediates are similar on a technological level, with both being produced inputs. The
markups in (iii), in turn, reflect the difference introduced by discounting and durability.
For intermediate inputs, the zero profit condition implies that production costs and prices
are the same. However, for capital, the zero profit condition is that investment costs equal
the present value of future rental payments. Since rental payments occur in the future and
are discounted, their undiscounted sum exceeds investment costs — creating the wedges
manifested in our as-if markups.!?

While the first part of the proposition characterizes the balanced growth path up to a
rate of return r, the second part pins down that rate of return from asset market clearing.
Conceptually, the right-hand side is aggregate demand for capital, which is determined
by the equivalent static model as a function of the as-if markups y;(r) = (r + ;) /(g + ;).

The left-hand side comes from the households” asset demand correspondence.

2.3 Balanced Growth Comparative Statics

Using Proposition 1, we can use the equivalent static economy to conduct long-run com-
parative statics. Formally, consider a change in a vector of parameters. For now, we
assume that this is the vector of productivity shifters, A. Later we extend the argument to
include other shocks like changes in implicit or explicit taxes.

Assume that the economy is initially at a BGP with prices and quantities X, for some
Ap. Consider the effect of a perturbation AA to the parameter vector. Assuming that bal-
anced growth paths are locally unique and attractive, the economy eventually converges
to a new balanced growth path in the neighborhood of Xj. This procedure defines a func-
tion, denoted by XB6P(A), mapping parameters to long-run prices and quantities. Define
the long-run effect of AA as the change between the initial and terminal BGP, as illustrated

9This is the same criterion for capital being below its Golden Rule level as in Abel et al. (1989).
19Since markups reflect discounting, they do not imply that the dynamic equilibrium is necessarily Pareto
inefficient. For example, in a standard undistorted neoclassical growth model with r > g, the as-if markup
on capital exceeds one even though the economy is efficient.
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in Figure 1.11
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Figure 1: Response of BGP equilibrium to a permanent change in some parameter ©.

Proposition 1 implies that
XBGP(A) — Xstutic[A,‘u(r(A)]’

where X5'¢(A, ) is a function that maps productivities and wedges into prices and
quantities of the equivalent static economy.!? The advantage of this formulation is that
the mapping X***¢( A, u) and its derivatives are well understood from the literature on
static economies with distortions. The term yu[r(A)] indicates that wedges depend on the
interest rate r(A), which in turn depends on A through the auxiliary asset market clearing

condition 2 in Proposition 1. The following proposition summarizes.

Proposition 2 (Comparative Statics using Static Economy). Suppose that a balanced growth
path exists in the neighborhood of A and that the solution of the static economy is locally unique
around Ao and p[ro|. Then, the balanced growth path is locally unique, with its prices and quan-
tities XBCP(A) and its rate of return r(A) satisfying the following pair of equations

XPEP(A) = XME(A, ulr(A)]) )
Kt (A, u[r(A)])
d ,
A = - . 9
A= e (4, () ©
where ulr] = ;JFT‘; are the as-if wedges associated with the rates of return r. Further, L5'¢ =

111f a BGP equilibrium exists with parameter values Ag and outcomes X5¢P(Ay), then we can guarantee
the existence of locally isolated BGP equilibria in the neighborhood of Ay by the inverse function theorem.
However, we do not prove that such equilibria necessarily are locally attractive.

12To see why this is true, note that X3GP(A) is a balanced growth path with rates of return 7(A), and that
the implication of the first part of Proposition 1 is precisely that such balanced growth paths are equilibria
of static economies with the same A and as-if markups associated with r(A).
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YswygLyand JCstatic = . p;K; are aggregate labor income and the aggregate capital stock in the
equivalent static economy given productivities A and wedges p.

In words, (8) implies that the long-run effect of a permanent shock can be character-
ized by a corresponding shift in the parameters and wedges of the as-if static model.
This means that long-run comparative statics can be analyzed using, for example, hat al-
gebra or exact hat algebra (see, e.g., Jones, 1965; Dekle et al., 2008; Baqaee and Farhi,
2024). The as-if static model also determines total demand for capital, JCstatic / pstatic ag
a function of p[r]. The equilibrium rate of return is then pinned down by (9), using the
asset demand correspondence A|r]. Hence long-run comparative statics can be computed

from the distorted static model plus the return r pinned down by asset-market clearing
.Ad [V(A)] — ]CstatiC/Estatic‘

2.4 Generalization of Basic Framework

We now extend the results from Proposition 1 and 2 to a more general class of mod-
els. Specifically, we introduce tax-like wedges 7; to nest models with distortions, hetero-
geneous capital returns r; to nest economies without return equalization, and multiple
household types h € H which lets us nest open economies (each h representing a differ-
ent country). Formally, we consider a class of models defined by having the following

balanced growth path equations:

Production and profit maximization:

Y; = AiF; [{Lis} rer, {Yij}jen, {Kij}jen] {10)
max 7 = (1—1)pY;— ) welip— ) pjYii— ) RiKyj. (1)
{Yi,Lir, Y3, Kij} feF jeEN jEN

Resource constraints:

heH JEN ieN JEN

User cost of capital:

R]' = (i’] + (5])}7] (13)
Consumption.

maxU"(Cl,...,CL) st Y pCl< ) waf+2 g)Bl +T", (14)
{cr} ieN feF

Asset market clearing, asset demand, and wedge revenue.

14



B
Bl = piK;,  AM(r)= i , Th=Y" upy; (15)
h;J L Z YypwLly +T" ieZNh o

The differences compared to the baseline model equations (1)-(6) in Section 2.1 are the fol-
lowing. First, we introduce distortions using wedges 7; in the profit maximization prob-
lem of producers. While the wedges 7; are on output, we can accommodate input-specific
wedges by re-labeling. To place a wedge on i’s purchases of inputs from j, introduce an
output wedge on a fictitious middle-man whose sole role is to buy from j and sell to i.
Second, there are now multiple final consumers — indexed by / — in the resource con-
straint. Third, there are also different rates of return r; in the user cost of capital. Fourth,
in the consumer problem, utility functions are now indexed by type h, and households
hold a portfolio of different assets B with heterogeneous returns. Households also re-
ceive wedge income T" which comes from taxes on some subset of goods denoted by
Nj,.!13 Fifth, the asset market clearing condition requires that household asset holdings are
consistent with capital stocks asset-by-asset, and household asset demand is a correspon-
dence A?’h that maps vectors of capital returns to vectors of desired asset holdings. Last,
total wedge revenue across households should be consistent with total wedge income.
The following proposition generalizes Proposition 1 to this broader class of models.

Proposition 3 (Generalized Equivalence Between BGPs and Static Economies). Consider a
BGP of a model satisfying (10)-(15) with rates of returns r;, and with ' = % being
the share of net capital income earned by household h. Then, the following holds}.i R
1. Prices and wages {p;, w¢}, quantities {Y;, C!, Kij, Lis, Y;;}, and wedge payments Ty, also
form an equilibrium of a static economy where: (i) production functions of goods, tax wedges
T;, and the preferences of households in each country are the same as in the dynamic economy;
(ii) capital goods are intermediates produced with linear technology from investment K; =
Ak, Xi, with productivity shifter Ax, = 1/(g + 6;); (iii) all other goods are sold with a tax
(1 — 7;), with tax revenue rebated to the corresponding household; (iv) capital goods are sold
at a markup u; = (r; + ;) /(g + J;) with profits rebated to households according to {m}.

2. The rates of returns r; and the net capital income shares 7* satisfy

Z £Ztatichl,h(r) _ ’Cstatic
i
heH l

13The subsets Nj, partition the set of all goods to ensure that aggregate household wedge income equals
aggregate wedge payments by firms. The partition assumption is natural when households types corre-
spond to countries and the wedges represent taxes.
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7

where G511 = p;K; is the value of the capital stock of i, and L5/ = Ty, + ¥ rw fL? is the
non-capital income of h, both in the equivalent static economy with productivities A, wedges
u, and profit shares 7t.

Just like Proposition 1, this proposition allows us to conduct long-run comparative
statics using the equivalent as-if static economy, using for example, hat algebra. The static
as-if economy features endogenous markups, y(r), and an endogenous distribution of
profit income, 7t, which are pinned down by the auxiliary equations from asset market
clearing in the second part of the proposition. Crucially, these auxiliary equations only
feature variables that are determined by the static as-if economy and the asset demand

correspondences.

3 Changes in Productivities with Constant Rates of Return

This section characterizes the comparative statics in the special case when only produc-
tivities change and, because asset demand is perfectly elastic, rates of return are constant.
(We consider imperfectly elastic asset demand later). We show that the effect of a produc-
tivity shock is the sum of two effects:

1. A technological effect, which captures the impact of a productivity shock fixing the
allocation of resources. The effect equals the sector’s cost-based Domar weight, which
generally exceeds the sales share, especially for producers of investment goods and

their suppliers.

2. Areallocation effect that is positive when the economy is not at the Golden Rule and
when reallocation favors more capital-intensive sectors. The effect can be summa-

rized by a measure of the fall in the labor share of the economy.

Further, we note that when the economy operates at the Golden Rule, there is neither a
reallocation effect, nor a distinction between cost weights and sales shares, meaning that
a dynamic analogue to Hulten’s theorem applies: the long-run impact of a productivity
shock to a sector is precisely the sector’s sales share relative to consumption.

We illustrate the logic of cost versus revenue shares using an economy with a chain
network structure, and the logic of reallocation using a neoclassical growth model where

the production function is not Cobb-Douglas. We also use the World Input-Output tables
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(Timmer et al., 2015) and the capital flows table from Ding (2022) to calculate revenue
and cost shares of different industries, showing that cost shares can be dramatically larger
than revenue shares in industries such as machinery, construction, and basic metals that

produce investment goods or are important inputs to the production of investment goods.

3.1 Input-Output Framework and Definitions

The results in Section 2 show that balanced growth outcomes can be expressed in terms
of outcomes in an equivalent static economy with markups. Here, we provide an input-
output framework and key definitions for such economies.

To begin, we partition the economy into industries according to the use of their output.

We define four distinct sets of sectors:

¢ Consumption goods (H): Industries whose outputs are exclusively used for final
consumption, one for each household type /. Because there is one consumption
industry per type, we index these industries by h € H.

* Intermediate goods (N): Industries whose output is exclusively used as intermedi-

ate inputs.
* Capital goods (K): Industries that use intermediates to produce investment goods.
* Primary factors (F): The economy’s primary factors.

This partitioning can be done without loss of generality. For each household type, we can
create a “consumption industry” in set H by treating its homothetic utility function as
the production function for a final composite good. Similarly, if an investment good uses
capital or labor in addition to intermediates, the bundle of capital and labor can be treated

like a separate intermediate good.

Cost-based input output matrix Q). Given this partition, we can construct a cost-based
input output matrix ), where Qij is the share of costs of i that comes from j. The structure

of Q) is depicted below:

Opx QuxN Opxk  Opxr
OnxH OnxN Onxk OnxE (16)
Okxa Qxkxn  Okxk  Oxxr |’

Orxa  OpxN  Opxk  Opxr
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In the first line, the only non-zero block is [Qnxnlpy = pPnClh/ pn/CZ,, where each
row contains household expenditure shares by goods for each household /. The second
line contains cost shares of intermediate goods N. The first non-zero matrix [Qnx Nl =
P Yo u /[ m P Yom + Y RiKy,j+YfwysLy, f] records the expenditures on intermediate in-
puts relative to total costs by producer of intermediate good 7. The subsequent matrices
Onw«x and Oy r do the same for rental payments to capital and labor expenditures re-
spectively by intermediate good producer n. On the third line, the only non-zero matrix
[Qx«N] kn = PnYin/ prXy records the expenditure on good 7 as a share of total investment
expenditure on capital good k. The final line is all zeros because primary factors use no

inputs. Every row of () apart from the last F ones sum to one.

Wedges and the revenue-based input output matrix (). With some abuse of notation,
define an (H + N + K+ F) x 1 wedge vector p. The first H elements are all ones, the next
N elements are y, = 1/(1 — 1,), where 1, is the tax on good 7, the next K elements are
U = RiKy/ px Xy, which is the ratio of capital income to investment costs for capital type
k, and, the last F elements are all ones. Define the revenue-based input-output matrix (2
to be

Q = diag(p) 1.

Note that the rows of () record expenditures relative to revenues rather than to costs, since

11 is the ratios between costs and revenues. Note that if there are no taxes and we are at
the Golden Rule, then Q) = Q).

Final expenditure shares. Finally, the vector ® defines the shares of final expenditure.
It has dimensions (H + N 4+ K + F) x 1, but as only goods in set H are consumed by
households, the vector is non-zero only for its first H entries. Each such entry gives the
expenditure share of a country i € H in global consumption:

_ YipiCh

b, =
LY piCh

heH.

For a single-country economy, the expenditure share vector reduces to ® = [1,0,...,0].

Cost- and revenue-based Domar weights. Define the Domar weight for each i € {H +
N + K + F} to be sales of i divided by total consumption expenditures:
piYi

PP L
Y i PirCy
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Accounting identities imply that
N=d(1-0)71, (17)

where ¥ = (I — Q)~! is the revenue-based Leontief inverse. Intuitively, the Domar
weight of i measures the average direct and indirect expenditures of consumption goods
on i. Define the cost-based Domar weights to be

AM=a'(1-0)7, (18)

where ¥ = (I — Q) ! is the cost-based Leontief inverse. The cost-based Domar weight of
i measures the average direct and indirect exposures of final goods to i, measured using
costs rather than revenues. It can be shown that the sum of cost-based Domar weights
for primary factors always sums to one: } rcr A 5 = 1. This is because the primary factor

content of every consumption good is equal to one.

Changes in aggregate consumption. Given a change in parameters, define the change in
real consumption to be the share-weighted change in the quantity of final consumption
bundles:
dlogC =) &,dlogC".
h

If there is a single country, then dlog C is simply the change in the consumption of that
country.

3.2 The Effects of Productivity Changes

Proposition 3 implies that the effect of changing productivities A with fixed rates of return
r and wedges T is precisely the effect of changing productivities in a static distorted econ-
omy holding wedges y constant (but potentially reallocating the profits from the Golden
Rule wedges across households). Using results on comparative statics in distorted open
economies (Baqaee and Farhi, 2024), we obtain the following result.

Proposition 4 (Productivity Shocks with Fixed Returns). Consider an open economy where
the rate of return r does not change in response to changes in productivities. Then, the long-run
elasticity of aggregate consumption with respect to a productivity change in sector i, A;, is given

by




If preferences and productions are Cobb-Douglas, the expression reduces to dlog C/dlog A; = A;.

The first term A; is the technological effect: the consumption gain resulting from a
productivity improvement propagating through the input-output network, holding the
allocation of resources fixed. Note that this effect is measured by the cost-based Domar
weight, A;, and not the sales weight A;. If production functions and preferences are Cobb-
Douglas, so that expenditure shares do not respond to shocks, then this is the entire effect.
In particular, when a producer’s cost share is high relative to its sales share, the producer’s
importance for long-run consumption is greater than its sales share would suggest. This
difference depends on the cumulative wedges between i and the final consumers. In other
words, investment sectors and their suppliers tend to have a high A; relative to A;. (See
Example 1 below).

When production functions and preferences are not all Cobb-Douglas, changing expen-
diture shares induce a reallocation effect, as resources are rerouted within the production
network. The proposition shows that the net effect of these reallocations is captured by
a weighted average of the changes in labor income shares. In the simple case of a single
factor (labor), this boils down to the fall in the labor share. More generally, the effect is
slightly more involved, since falls in the labor share are more important for factors facing
high cumulative capital wedges, indicated by a high ratio of cost to revenue shares.

The next proposition shows that when there are only capital wedges y; = (r +9;) /(g +
J;) the difference between the sales share A; of producer i and the consumption responses
to a productivity shock to i can be related to the capital accumulation induced by such a
shock.

Proposition 5 (Induced Capital Accumulation). If = = 0, consumption responses to produc-
tivity shocks satisfy the following equation:
alogC _ )Li I Z R]K] - p]X] alogK]
dlog A; rd Yoo PyCejr dlog A;

Zc,j’ p]-/CC]-/ dlog A;*

With Cobb-Douglas production and preferences, this implies A; — \; = Yiek

The proposition shows that the consumption elasticity to a productivity shock exceeds
sales by a capital amplification term, which is positive whenever productivity changes
induce capital accumulation (dlogK;/dlog A; > 0) and capital stocks are below their
Golden Rule levels (R;K; > p;X;). Since the consumption elasticity is simply A; in Cobb-
Douglas economies, the capital amplification term is precisely the difference between the

cost share A; and sales A; in a Cobb-Douglas model.
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3.3 Hulten’s Theorem for Long-Run Consumption

The expression in Proposition 5 simplifies considerably in the special case where the econ-
omy operates at the Golden Rule and there are no taxes, that is, when r; = g for all capital
goods and 7; = 0 for every i. Since there are no wedges, cost-based Domar weights co-
incide with sales shares. Furthermore, consumption must be financed entirely by labor
income, meaning that the labor share of consumption is identically one, and that the real-
location term in Proposition 4 disappears.'* We obtain the following result.

Corollary 1 (Long-Run Hulten’s Theorem). If the assumptions of Proposition 4 hold, the econ-
omy is at the Golden Rule (r; = g for all capital goods i), and there are no taxes, T; = 0, then the
long-run elasticity of consumption with respect to productivity is given by its sales share relative
to consumption:

dlogC

dlogA; "

Thus, at the Golden Rule, we obtain a dynamic analogue to Hulten’s theorem: the long-
run effect of a sectoral productivity shock is fully summarized by its sales share, with no
residual role for the underlying network structure, or for elasticities. The one key differ-
ence from Hulten is that sales are measured relative to consumption and not to GDP — a
result consistent with viewing capital services as intertemporal intermediate inputs and
consumption as the economy’s final output.!® In terms of economic intuition, the corollary
reflects that since a Golden Rule economy maximizes long-run consumption, the envelope
theorem applies. This implies there are no first-order effects from resource reallocations,
so the impact of a productivity shock is fully captured by its direct technological effect,
which is given by the sector’s sales share.

3.4 Illustrative Examples

To illustrate Proposition 4, we consider two examples: one without a reallocation effect
but with stark differences between cost- and sales-based weights A; and A;, and one with
a reallocation effect on long-run consumption.

14Since ;\f = Asforevery f € Fand } r Ay =1, it follows that } \rcr Xfa logAs/dlog A; = 0.

I5Note that the corollary should be distinguished from the standard Hulten’s theorem, which applies
to GDP and not final consumption. The standard Hulten’s theorem holds more generally in our class of
models model provided that the dynamic economy is efficient. In particular, even when the economy is
not at the Golden Rule, the long-run response of real GDP to shocks is dlog Real GDP = }; ggj,d log A; +
Y gg pdlog K;, where the change in the capital stock is determined by the equilibrium of the as-if static
economy.
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Example 1 (Cost versus revenue shares in a chain economy.). Consider a production chain
where labor produces capital for stage 1, which in turn produces capital for stage 2, and so
on, until capital at stage N produces the final consumption good. We assume a no-growth
environment where a representative household’s savings decisions fix the interest rate r,
and where each capital good i depreciates at a rate J;.

Figure 2: A linear production chain where labor ultimately produces consumption.

At each stage i, the ratio of the rental value of output to investment costs is % = %‘Si.
Applying Proposition 1, the as-if wedge on capital goods is y; = (r + 6;) /J; > 1. Because
of this wedge, the revenue-based Domar weight (sales share) of an upstream firm, A;,

diminishes with each step in the chain provided there is positive discounting (r > 0):

_piYi _ 1

A -
pcC  Mipifis2 - UN

<1,
with Ay = 1. In stark contrast, the cost-based weight is simply A; = 1 for all stages, since
100% of the input cost in each stage is paid to upstream suppliers.

Given the linear production structure in the economy, there is no scope for reallocating
inputs. Hence, Proposition 4 implies that the long-run consumption elasticity with respect
to productivity is one across the entire chain:

dlog C

dlog A; =ri=1

even though revenue-based sales shares A; shrink progressively upstream. This is because
the sales shares are diminished by the cumulative effect of downstream capital wedges.
In economic terms, discounting causes the sales shares of upstream sectors to understate
their ultimate importance for long-run consumption, because their final use is far in the
tuture.

The first example illustrates the difference between A and A for a case without realloca-
tion (i.e., where the change in the factor share d log A ¢ is zero). The next example considers
a case where the shock can trigger resource reallocation.

Example 2 (Reallocation effects.). To illustrate reallocation effects, we use a standard neo-
classical growth model (NGM) with a CES production function for capital (K) and labor
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(L), allowing the elasticity of substitution (ck;) to deviate from the Cobb-Douglas bench-
mark of one.

Consider a productivity shock to aggregate output, Ay. Applying our main proposi-
tion, the long-run consumption response decomposes into two effects:

dlogC = Aydlog Ay —dlog A;.

Here, the first term is the technological effect. Since the cost share of the sector is Ay =
1/(1 — a), where « is the capital share of GDP, this term is the standard capital amplifica-
tion effect 1/(1 — ). The second term is the reallocation effect, which is active whenever
the shock alters the labor share, A;.

For a CES production function, solving out for dlog A using standard hat algebra
methods, gives:
r—

1 8
=——dlogAy + A —1 dlog Ay.
dlogC %108 y + Ax(oke )g+5 0g Ay

where Ax = ;’z—}é is the sales of the investment good sector relative to consumption. This
equation shows that the reallocation channel is active only when there is a joint deviation
from both Cobb-Douglas (cx;, # 1) and the Golden Rule (r # g). For instance, if capital
and labor are gross complements (cx;, < 1) and r > g, then a positive productivity shock
increases the labor share (dlog Ay > 0). This generates a negative reallocation effect that

partially offsets the technological consumption gain.

3.5 Empirical Cost and Revenue Weights

Cost and revenue Domar weights, A and A, can be constructed based on information from
input-output tables and investment flow tables. For example, we use the World Input-
Output Database (WIOD) (Timmer et al., 2015) and global investment flow tables from
Ding (2022). Using this data, we can populate all the terms in the cost-based 10 matrix,
Q), in (16), the consumption expenditure shares of each country, ®", and the vector of
as-if markups p. Given these, we compute A and A and report a selection of the results
in Table 1 (details in Appendix B.3). Shares are constructed by averaging data over the
period 1995 to 2009.

Table 1 displays the result for a selected set of industries. We see that for some down-
stream industries like health, revenue and cost weights are close to each other, reflecting

that there are few capital goods on the path from health to the final consumer. In contrast,
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Table 1: Cost and revenue based weights for selected industries

Sector A 7\1' )N\l'/)\l'
Construction 0.133 0.364 2.74
Machinery 0.054 0.138  2.54
Basic and Fab Metals 0.090 0.194 2.14
Electrical Eqmt 0.081 0.181 2.24
Transport Eqmt 0.083 0172  2.07
Mining 0.042 0.072 1.71
Prof. Services 0.148 0.235 1.59
Wholesale, Retail, Trade, and Repair  0.371  0.518 1.39
Chemicals, Pharma 0.073  0.096 1.32
Energy, Gas, Water 0.055 0.070 1.28
Finance 0.128 0.161 1.25
Real Estate 0.158 0.180 1.14
Agriculture 0.099 0111 1.12
Food 0.125 0.130 1.04
Health 0.101  0.102 1.01

investment good producing industries like construction and machinery have cost shares
that are dramatically higher than sales shares. For example, sales in construction rela-
tive to world consumption is 13.3% of consumption in the economies of the WIOD, but
the corresponding cost share is 36.4%. The numbers for machinery are 5.4% and 13.8%
respectively. Based on Proposition 4, these differences imply that the effect of raising pro-
ductivities in those industries is much higher than their sales shares in a Cobb-Douglas
model with fixed returns. We return to this example with a more fully-specified quanti-
tative model in Section 5 and check to what extent the results are sensitive to deviations

from Cobb-Douglas and fixed returns.

4 General Comparative Statics

Having analyzed productivity shocks with fixed rates of return, this section generalizes
the analysis in two directions. First, we allow for imperfectly elastic asset demand, which
makes long-run rates of return endogenous. Second, we allow for changes in the tax-like
distortions 7. Section 4.1 presents the general result; Section 4.2 discusses how the effects
of productivity changes are modified relative to the previous section; Section 4.3 discusses
the effect of exogenous changes in exogenous taxes, and Section 4.4 provides illustrative

examples.
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4.1 General Characterization

Proposition 3 implies that when productivities and wedges change, the effects can be

analyzed using the following system of equations
r+46 1
g+61—1
L3/"O(A, ) ilri — 8) AV (1)

XBGP XstatZC(A ", )’ u=

ZﬁztutiC(A, 1", N)Ad’h (’I") — ICstatiC(A’ 1", 7_()’ 7'Ch _ : )
n Yo L5 (A, u, ) Eiri — g) AM (1)

The first line of equations state that prices and quantities on the balanced growth path
(normalized by growth) are an equilibrium of the equivalent static economy given pro-
ductivities A, wedges y, and profit distribution shares 7r, with the wedges u being a func-
tion of rates of return r and taxes 7. Here we adopt the convention that 6 = oo for non-
capital goods and 7; = 0 for capital goods. The second line of equations show how the
rates of return and the profit distributions are pinned down by household asset demand.

When all functions are single-valued and smooth, we can totally differentiate these
expressions to obtain the following result. For clarity, we use boldface to denote vectors

in this proposition.

Proposition 6 (General Comparative Statics). Suppose A%(r) and X*'™¢( A, u, ) are differ-
entiable, then changes in BGP prices and quantities from changes in productivities A and taxes T

satisfy

g Xstatic o Xstatic JXstatic
BGP _ _ . .
dxX"=" = 5A dA + M dp + . amr.
The changes in wedges and returns satisfy
du dr dr
£ _ 1
H (1—7')+r—|—6' (19)
alcstatzc £statzc
_ (o -1 d, h
dr = (e} +¢€;) Y. o Z p ——A%"(r) | dx, (20)
xe{r,Am}
where €; = a’CStW and € = = 5 91 ESt“t’CAd] are the derivatives of capital demand and asset

demand with respect to r. Last, the changes in the profit shares of households are given by:

dnh static ! static !
— = dlog(Ly™ A (r) - (r —g)) = Y " dlog (LAY (r) - (r—g)). (1)
h/
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Compared to Section 3, which focused on changes in productivities at fixed rates of
return and taxes, the main new feature in Proposition 6 is that it allows for du # 0.
Equation (19) shows that wedges pu now change for two reasons: changes in exogenous
taxes dT and changes in endogenous rates of return dr.

Equation (20) shows that changes in r depend on the shock to net capital demand
jestatic — v, Lotatic A4 (the gap between demand for capital from firms and appetite for
savings from households at fixed returns) and the slope of capital (€7) and asset demand
(ef ) with respect to r. The change in returns is small if the initial shock to net capital de-
mand is limited or if asset and capital demand are highly elastic. The neoclassical growth
model is the limit where asset demand is infinitely elastic, ef = oo, and the rate of return
does not respond to capital demand shocks. In this case, we obtain dy = 0 and recover
dXBCP = a}g%ﬁcdfl as in the previous section. In the one-asset case, € + € are generally
positive, which means that positive shocks to net capital demand tend to increase returns
and vice versa. The matrix algebra in Proposition 6 generalizes this intuition to the case
with multiple assets and returns.

The change in the distribution of income from capital, (21), depends on whether each
household’s net capital income, which is a product of holdings and net-returns adjusted
for growth, changes more quickly or more slowly than the average. This, in turn, depends
on initial portfolio holdings, the elasticities of asset demand, and changes in returns.

Note that apart from the derivatives of the asset demand functions .A%"(r), all terms in
the proposition are derivatives in the equivalent static economy, which have been charac-
terized previously in terms of expenditure shares and microeconomic elasticities (Baqaee
and Farhi, 2024). This means that if we complement information used in static analyses
with derivatives of the asset demand functions, the proposition provides a full character-

ization of long-run balanced growth comparative statics.

Perfectly substitutable assets Proposition 6 assumes that asset demands, .A%"(r), are
differentiable mappings from returns to portfolio vectors. This assumption may not hold
when households view different assets as perfectly substitutable. For instance, if house-
holds treat all assets as identical, asset demand becomes non-differentiable: it jumps when
returns diverge, and when returns are equal (r; = r), it is a correspondence rather than a
function, encompassing all asset holdings consistent with the level of total wealth.
However, even with perfectly substitutable assets, a version of Proposition 6 remains
valid. However, it requires using a reduced set of market clearing conditions — one for
each block of perfectly substitutable assets — along with non-arbitrage conditions for re-

turns within each block. For example, when households view assets as identical, we only
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need one market clearing condition (equating the total capital stock to desired aggregate
wealth) combined with non-arbitrage conditions (requiring equal returns across assets).
The quantitative model in Section 5 provides an example with multiple blocks and het-

erogeneous returns.

4.2 The General Effect of Productivity Changes

Proposition 6 allows us to extend the results on the effects of productivity changes from
Section 3 to situations where rates of returns are not necessarily constant.

Corollary 2 (General Effect of Productivity Changes). The first-order effect on long-run con-
sumption from a change in productivity is

dlog C i —Z alog)\f Z~' 1 ar]-
dlog A, falog A; ; 'rj+6; dlog A’
——

dlogu;

iy
j

orj
P .
where 57 Tog 4; 18 given by Proposition 6.

The first two terms mirror those in Proposition 4: a direct technology effect and a re-
allocation effect. The reallocation effect boosts consumption by shifting resources toward
more capital-intensive uses, a process captured by a decrease in the labor share.'® How-
ever, since wedges p change, there is also a purely mechanical reduction in the labor share
through their impact on interest rates. The final term isolates this mechanical effect. The
consumption gain from reallocation is then measured by the fall in the labor share net of
this mechanical adjustment. This adjustment is non-zero whenever r changes, which hap-
pens when productivity shocks affect capital demand (95 /9 A; # 0) and elasticities
of asset demand and capital supply are finite.

4.3 Changes in taxes

In the general model, we can also consider the effect of changing the tax-like distortions
7. In this case, we obtain the following corollary to Proposition 6 characterizing the effect
on long-run consumption.

. dlog A . . . . . .
16The change in labor shares % consist both of direct effects from changing A; in the as-if static
economy, as well as the indirect effect through endogenous changes in p.

27



Corollary 3 (Changes in Taxes). The first-order effect on long-run consumption from a change

in taxes T; is

dlogC - 1 < dlogAy - 1 or
oT; __/\ll—ri_ZAf dT; _Z Iri+6; o1’
N , f jeK J ],
dlogp; dlogy]-

d T dl/]

where g—; is given by Proposition 6.

Unlike a technology shock, a change in taxes 7; does not alter productivity and thus
affects the balanced growth path exclusively through reallocations. Analogous to our
previous analysis, the consumption effect of this reallocation is captured by the fall in the
labor share, net of a mechanical effect. Here, the mechanical effect has two components:
the direct impact of 7; itself and the indirect impact of 7; on returns r, where the latter are
given by (20) in Proposition 6.

When exogenous taxes are all initially zero, 7; = 0, then we can repurpose the clas-
sic formula from Harberger (1964) — derived to study distortions in static economies —
to study how long-run consumption responds to changes in wedges in open dynamic
economies. We obtain the following result.

Proposition 7 (Real Consumption Response to Wedges). If T; = 0 for every i, then the change

in long-run aggqregate real consumption to changes in exogenous wedges is

dlog C RjKj — pjX;dlogK;
= . (22)
along jeK Zh,]’ p]/Ch]/ along
Furthermore, for each country h, the change in long-run real consumption is
dlogCy 2 RjK; — ijjalog K; Nthalog pi ZjeN aNth/alog T; 23)
alOng’ €Ky, phCh aIOgTi jEN phCh along’ phCh 1’
Gold;nrRule terms‘o? trade cu rre;e%ézécount

wedge effect effect

where Ky, is the set of capital goods and N Xy,; are the net exports of good j for country h. The en-
dogenous terms dlog K;/dlog 7, dlog p;/dlog T, and INXy;/0log T; are expressible in terms
of primitives using Proposition 6.

The first part of Proposition 7 shows that the global long-run consumption response
to a wedge depends solely on how capital stocks adjust multiplied by the gap between

capital income and investment. Consumption expands from reallocations that increase
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the size of the capital stock, with the effect scaling in the distance from the Golden Rule.
In particular, if the economy operates at the Golden Rule where capital income equals
investment for each good R;K; = p;X;, there is no first-order consumption response to a
change in an exogenous tax T; starting from zero.

The second part, equation (23), generalizes this expression to study long-run consump-
tion of individual countries. The first summand is the same Harberger-“rectangles” for-
mula as in (22), but applied at the country-level. The second summand is a standard
terms-of-trade effect capturing whether export prices rise faster or slower than import
prices. The final term captures changes in net exports (since trade need not be balanced).
The terms-of-trade effect and change in net exports terms are both zero-sum, they add up
to zero for the world as a whole. However, the first term, capturing adjustment in the
capital stocks weighted by the Golden Rule wedge, is not zero-sum (unless the world is
at the Golden Rule, in which case the first term is zero for every country).

We show in Section 5 that the breakdown in Proposition 7 is useful for quantitatively
dissecting and understanding how dynamic economies respond to permanent wedge
changes in the long run (e.g. tariffs). In particular, we find that the terms associated

with capital adjustment are quantitatively very important.

4.4 Examples

Below we provide two examples. The first shows the effect of productivity shocks when

returns can adjust. The second shows the effect of changing exogenous taxes like tariffs.

Example 3 (Productivity shock in perpetual youth model.). We first revisit Example 2 that
studied the effect of productivity improvements in a neoclassical growth model with CES
production. We consider an economy with the same production structure, but instead of
having a representative household, the savings block of the model consists of a perpetual
youth model as described in Section 2.1. As shown by Blanchard (1985), the asset demand

function is
((r—p))
_ (v
Al = i a]
v(v+p)

where p is the discount rate and v is the mortality rate. From proposition Proposition 6,

we know that the long-run consumption effect is the productivity effect at fixed returns
plus the effect from a change in as-if wedges y due to changes in the rate of return. Fur-
thermore, from Proposition 7, we know that effects of changes in wedges on consumption
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are summarized by changes in the capital stock times the Golden Rule wedge, implying

dlog C = dlog CTeP—asent 4 {RK_ pXX} dlogK _dr

pcC dlogur+o’

dlogK gr . .
3 1o 1 the change in

capital from a shock to the wedge in the static economy, multiplied by the change in the

wedge y = é%‘fs implied by a change in the rate of return.

By using Proposition 6, we obtain

where dlog C"P~8" ig the effect found in Example 2, and

dlog Kstatic _ o g — —UIfL_Zld log Ay
7 ~ 1 .
dlogu 1—uw T(rr)) + T HLzS

The first expression captures that a higher wedge on capital reduces the use of capital
in proportion to the capital-labor substitutability, cx;, amplified by a roundabout term
1/(1 — «) that includes both the higher user cost and the effect on investment good prices
through the production network. The second term shows that rates of returns change
due to the initial shock to net capital demand, ZL=1dlog A, divided by the sum of the

1—a

elasticities of asset demand (from households) and capital demand (from firms). Note
that there is no response if the economy is Cobb-Douglas, ox; = 1, since the shock then
does not move net capital demand. There is also no response, if, as in the neoclassical
growth model, asset demand is infinitely elastic, A’(r) = oo.

Putting these equations together gives the full comparative static. We note that in gen-
eral, the adjustment in returns tends to dampen the power of reallocation: if ox; > 1,
returns rise which dampens the capital response to increases in A, and vice versa when
oxr < 1.

Example 4 (Effects of a Tariff.). We consider the long-run consumption effect of a two-way,
symmetric tariff between two economies. We show that in a simple example, the reduc-
tion in long-run consumption from a trade war does not depend on the Armington trade
elasticity, but does depend on the elasticity of substitution between labor and capital.

Index the home country by I and the foreign country by f. Home’s technology is given
by:

’,

Cp+ Xy = ((1—5)QZ§; +,BQ,9191)9_1,
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UIéLfl 0§L71 (TKL71
Qn=|aK, ™ 4+ (1—a)L,™ = Qun+ Qs

The first equation states that consumption and investment in / use the same bundle of
domestic and foreign goods with the Armington trade elasticity 6 — 1.

Imports by h from f are Q¢ and exports to f are Q. The second equation states
that goods produced by / are produced using domestic capital and labor and used either
for domestic use or exported. The final equation is the capital accumulation equation.
We assume closed capital markets and a representative infinitely-lived household in each
country, which ensures balanced trade and fixes the rate of return on capital, r. The foreign
country’s technology is the mirror image of this technology. We normalize initial prices to
ones so that B corresponds to the foreign share of consumption and « the capital share of
output.

Initially, trade is free. We then introduce a two-way symmetric tariff, 7, that is rebated
to domestic households. The change in the price of an imported good is:

dlog pimp = dlog pg + dlog(1+ 1)

where dlog(1 + 7) is the tariff increase and dlog p is the symmetric change in the local
price of goods. Because r is fixed, the rental rate follows the final goods price (dlog R =
dlog p), and we can derive the following change in the price-to-wage ratio:

dlog% - %dlog(l +1) (24)
where p is the price of final expenditure, a is the labor share in the production of the
domestic variety, and B is the initial import expenditure share in each country.!” Since
the tariff is a tax, the resulting change in aggregate consumption is given by Proposi-
tion 7. Combined with the first-order condition for the capital-labor ratio dlog K/L =
—oxrdlog(p/w), the formula (24), and writing Ax for the ratio of investment to consump-

tion, we obtain:

_ =8 _ r—8 r_ r—-8 B
dlogC = Axg+§dlogK = /\XUKLg+5d10gw = AXUKLg%—(H _adlog(l—i—‘r).

7The result is obtained by noting that dlogp = dlogpg + Bdlog(l + 7) and that dlogpg = (1 —
a)dlogw + adlog p.
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When the economy is not at the Golden Rule (r # g), a tariff has a first-order effect on
long-run consumption. The mechanism works by making investment goods (produced
from the final good) relatively more expensive than labor. The effect’s magnitude depends
positively on the import share B, the capital share «, and the elasticity between capital
and labor ok, but not on the Armington trade elasticity. When the economy is at the
Golden Rule, we recover the envelope condition that tariffs have no first-order effect on

consumption.

5 A Quantitative Model of the World Economy

To study long-run comparative statics beyond illustrative examples, we set up and cali-
brate a dynamic general equilibrium model of the world economy. The model features a
rich input-output structure with trade as well as overlapping generations of households in
each country that accumulate capital subject to undiversifiable idiosyncratic investment
risks. The main text provides a high-level summary of the model with details given in
the appendix. Sections 5.1 and 5.2 describe the production and accumulation sides of the
model. Sections 5.3 and 5.4 present the solution and the calibration. Sections 5.5 and 5.6
use the calibrated model to study the quantitative effects to changes in productivities and

tariffs.

5.1 Production Side

There are H countries, with each country producing differentiated varieties of the same
set of products. We index producers by two indices: (h,i), where h € H is the origin
country and i € N is the industry of the producer (e.g. agriculture, mining, and so on).

The production function of industry i in country h is a Cobb-Douglas composite of
labor, capital, and intermediate inputs from other industries.'® Intermediate inputs from
industry type j purchased by (h,i) are aggregated using an Armington CES aggregator
with elasticity 6 across different origins (4’,j). Following common terminology in the
trade literature, we refer to  — 1 as the (micro) trade elasticity.

Each country has three factor endowments: low-, medium-, and high-skill labor, with
Fj, denoting the set of primary factors in country h. Each industry uses a different mix of
these labor types using a Cobb-Douglas aggregator. There is uniform labor-augmenting

productivity to g4 in every country to ensure the existence of a BGP.

18In our experiments, we also consider an extension where labor and capital is aggregated using a CES
aggregator with elasticity ox; .
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We assume that each industry in each country, (h, i), has a specialized capital stock pro-
duced by a specialized corresponding investment-goods-producing industry. All other
goods in the economy are perishable (infinite depreciation). This means that the number
of capital stocks, |K},|, in each country is equal to the number of non-investment indus-
tries, |Nj,|, in each country h. The investment good of (h, i) is a Cobb-Douglas composite
of inputs from different industries. Just as for perishable goods, investment inputs from
industry type j from different origin countries are combined using an Armington CES
aggregator with elasticity 0.

5.2 Household Savings and Aggregate Capital

The household side is modeled using a perpetual youth model in the style of Blanchard
(1985), where births grow at an exogenous rate g1 > 0 and households face a constant
mortality rate v;, in country h. The model features idiosyncratic capital risk in the style
of Angeletos (2007), where returns on capital in an industry i is subject to idiosyncratic
shocks of volatility ¢; that cannot be diversified away. Below, we provide the key results
and the relationships that need to hold on a balanced growth path (see appendix for more
details).

Households can only accumulate capital in a single domestic industry, and indiffer-
ence across industries implies that expected returns across industries satisfy a risk price
formula

ri =1+ 5,0,

where S;, = % is a country-level Sharpe ratio that is equalized within a country. The
perpetual youth structure implies that household problems scale in their effective wealth,
which is the value of their financial assets and the net present value of future labor income.
Households investing in each industry i allocate a fixed share ¢; of their total financial and

human wealth to risky assets:
_ 5k
bi=-—",

0i

where 7 is the inverse of the coefficient of relative risk aversion. The risky share is increas-
ing in the Sharpe ratio, and decreasing in risk-aversion and idiosyncratic volatility.

The remainder of the household’s financial wealth is invested in a global risk-free bond,
in zero net supply, that yields a return of r. The allocation choices of the households
implies that effective wealth for every household in a country grows at a constant rate

over their life:

+1
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where pj, is the subjective discount rate in country /i, which is allowed to vary across
countries. Notably, this does not depend on which industry the household chooses to
invest in.

The asset market clearing conditions implied by our household block are summarized

in the following proposition.

Proposition 8 (Asset Market Clearing). Along the balanced growth path, there exist country-
specific Sharpe ratios Sy, such that the return to capital in each industry i in that country satisfies
t; = v+ 0;Sy. The Sharpe ratio Sy, in each country and the risk-free return r in the world satisfy

vy + 8L
o;p;K; =S5, ————=———W,, heH,
ieth iPil ,)/hvh‘i‘g_gwh h
Swh —
Z Z pz i = Z Wh/
heH icK, heu Vn t 8~ gwh

(14Ty,) Lrer, wrly

where g, j, is the growth rate of effective wealth during an individual’s life, and W), = T

is the aggregate human wealth in country h.

The proposition implies that r; within each country are functions of the global risk free
rate, r, and country-level Sharpe ratios, S;,. The first displayed equation in Proposition 8
provides H conditions, one for each country, pinning down the Sharpe ratios by requiring
that households desired risky portfolio holdings in each country are equal to the quantity
of capital demanded by firms. The second expression requires that risk-free holdings sum
to zero, which is equivalent to requiring that total net worth in the world equals the total
capital stock. These equations pin down returns, r;, Sharpe ratios, S;, and the risk-free
rate, r in terms of parameters of the household savings problem and variables from the

as-if static economy:.

5.3 Solution method

To solve for comparative statics, we combine Proposition 8 with Proposition 6. Ap-
pendix D presents the full set of linearized equations in terms of microeconomic prim-
itives. In that appendix, we show that we obtain a system of linear equations of the fol-

lowing form

dlogAs dlog Ay
log A log A
2| ds, +r<‘21°g >—0<:> ds, :—E‘1F<dog ) (25)
T
dr 8
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where dlog A are the vector of changes in labor shares (since the quantity of labor is
fixed and nominal consumption is the numeraire, dlog A is also the log change in the
wage of f), dSj, are vector of changes in the Sharpe ratios, and dr is the change in the risk-
free rate. This system determines relative wages and rates of return by combining labor
and asset market clearing conditions. The matrices Z and I' only depend on expenditure
shares, elasticities of substitution, and elasticities of asset demand. We can express all
other endogenous variables in terms of these prices and returns. Since the left-hand side
of (25) is sufficient for a full model solution, the equation defines the local comparative
statics for an infinitesimal shock in terms of the matrices Z and I'.

These matrices depend on expenditure shares and asset demand elasticities, which are
not constant in response to shocks. To solve for the impact of large shocks, we follow
the Computational General Equilibrium (CGE) literature by treating (25) as a system of
differential equations (Harrison and Pearson, 1996). We discretize a large shock into a se-
quence of small steps. In each step, we use the current values of the endogenous variables
to update how the E and I' matrices change, and then solve for the incremental changes
in prices and returns, and repeat. By iterating this procedure, we trace out the full nonlin-
ear adjustment to obtain an exact nonlinear solution, effectively extending standard CGE
methods to the analysis of long-run comparative statics.

5.4 Calibration Strategy

We calibrate the model to a balanced growth path with nine regions (the US, EU, Japan,
China, UK, India, Canada, Mexico, and a rest-of-world composite). The targets are ex-
pressed in the static distorted economy notation of Section 3, exploiting our equivalence
results. Table 2 lists the information needed to solve the model and construct the matri-
ces & and I' in (25). A more detailed description of the data sources and methodology is
provided in Appendix D.6.

As described in Section 3.5, the cost shares () and the capital wedges y; are constructed
from WIOD and Ding (2022). The net foreign asset positions are from the External Wealth
of Nations Database (Lane and Milesi-Ferretti, 2018). The risk-free rate, population growth,
and the technology growth rate are based on long-term yields on US treasuries, GDP-
weighted working age population growth rates, and per capita growth in US real GDP
(UN Population Prospects, FRED, and the Penn World Table). Our results are not very
sensitive to the precise values of the interest rate and these growth rates. The Armington
trade elasticity, 8 — 1 is set equal to 4, following Simonovska and Waugh (2014). We use
industry-specific depreciation rates from the Bureau of Economic Analysis, which given
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Table 2: Calibration targets

Variable | Description Value and source

O Cost shares WIOD, Ding (2022)

Ui Capital income / investment WIOD

Boy, Net foreign asset positions Lane and Milesi-Ferretti (2018)
r Risk-free rate 0.025 (FRED)

SL Population growth rate 0.004 (UN WPP)

<A Labor-augmenting technology 0.02 (Penn World Table)

-1 Armington trade elasticity 4 (Simonovska and Waugh, 2014)
d; Depreciation by industry BEA

0% Intertemporal elasticity of sub. 0.5

On Impatience parameter See text.

vy Mortality rate See text.

Sh Sharpe ratio See text.

capital wedges i, ; and growth rate g, lets us back out 7, ; for each capital good i in each
region h.

The remaining parameters in Table 2 are needed to pin down elasticities of the asset
demand block. We set the elasticity of intertemporal substitution ¢ = 0.5, in line with
microeconomic evidence. For the remaining household savings parameters, we calibrate
the discount rate, mortality, and Sharpe ratios, (py, V4, Si), for each country to match three
targets: (1) financial wealth relative to labor income, (Bo; + Yick, PiKi)/ Lrer, wrLs; (2)
a semi-elasticity of total wealth with respect to the risk-free rate (in each country) of 18
(based on Auclert et al., 2021); (3) the total excess returns from risky assets relative to
labor income (Yicic, [ri — 1] piKi)/ Lier, weLs."

Table 3 summarizes key features of the calibrated steady state for the four largest
economies. The results highlight several important features of our benchmark equilib-

rium. Average returns on capital and, hence, wedges on capital are high (often above 2),

9The total wealth of a country relative to its labor income can be expressed as - +Vhl_ 7 ( o +§wa;§ - o ) ;
w,h

we choose parameters to match the level of this expression to (By, + Yick, PiKi)/ Yrer, wrLy — which
can be calculated from earlier values in Table 2 — and its semi-elasticity with respect to r to 18. The
Vp+8L ) 75%
Vpt8L+t8A—8wn ) THVh—8A
(Xick, [ri — ] piKi)/ LicF, wrLs, which can also be calculated from earlier information in Table 2.

total excess returns from risky assets can be expressed as ( and we match it to
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Table 3: Summary of steady-state calibrated values for the four largest economies

Parameter | Description USA | CHN | EU | JPN
o Average return on capital 0.123 | 0.059 | 0.155 | 0.120
fly Harmonic average wedge on capital | 2.356 | 1.893 | 2.433 | 2.198
Sy Sharpe ratio 0.231 | 0.139 | 0.248 | 0.231
on+ vy Effective discount rate 0.062 | 0.023 | 0.082 | 0.056
b,/ GDPy, NFA relative to local GDP -0.309 | 0.492 | -0.254 | 0.365
NX;,/GDP, | Trade balance relative to local GDP | -0.000 | 0.000 | -0.000 | 0.000
Xn Ratio of total to human wealth 1.363 | 1.462 | 1.299 | 1.398
Sewh Wealth growth given survival 0.043 | 0.043 | 0.043 | 0.043

particularly outside of China. This suggests the initial equilibrium is far from the Golden
Rule, creating significant scope for reallocation effects and differences between sales share
and cost shares. In our calibration, the US and the EU are net borrowers, whereas China
and Japan are net savers (this matches the net foreign asset positions of these countries).
Since we assume that the economy is on a BGP, this implies that the US, the EU, and the
UK must run small trade surpluses, whereas China and Japan run small trade deficits.?’
In the next two sections, we use the calibrated model to study the effect of technology
changes (focusing on industry-level TFPs) and distortions (focusing on tariffs). In both

cases, we use our analytical results to interpret the quantitative findings.

5.5 Effects of Productivity Shocks

We analyze the long-run consumption effects of permanent, industry-specific productiv-
ity shocks, focusing on the role of revenue versus cost-based Domar weights, and the role
of capital-labor substitutability in shaping the degree of reallocation gains.

Cost versus revenue weights. Table 4 shows the elasticity of long-run consumption with
respect to industry productivity increases in our baseline calibration. The table reports
the elasticity of global consumption to a global productivity shock to a selection of indus-
tries. Our baseline calibration has Cobb-Douglas aggregation of everything apart from
the Armington nests where varieties of goods from each industry are aggregated across
different origins. Accordingly, labor shares do not respond strongly to global productivity

20This is counterfactual because, for some countries, net foreign asset positions and trade balance have
the same sign in the data (e.g. the US has negative net foreign assets and runs a trade deficit). For these
countries, our calibrated trade imbalances have the wrong sign. However, this has negligible effects on our
quantitative results because trade imbalances are small relative to the size of the regions.
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shocks. Hence, since labor shares do not move much, Proposition 4 implies there is lim-
ited reallocation in response to industry-level productivity shocks. Hence, consumption
elasticities are almost equal to cost-based Domar weights.

Whereas cost-based Domar weights approximate consumption elasticities very well,
sales shares are poor proxies, especially for investment industries and their upstream
suppliers. For example, sales of the construction industry relative to consumption are
just 0.133, yet the elasticity of long-run consumption to a permanent TFP shock is 0.367.
In contrast, for downstream sectors not involved in investment, like health care, sales

relative to consumption (0.101), is a good proxy for the consumption impact (0.102).

Table 4: Long-run global consumption effect of TFP shocks for a selection of industries.

Sector Elasticity (%) Sales share (1;)  Cost weight (A;)
Agriculture 0.111 0.099 0.111
Mining 0.074 0.042 0.072
Machinery 0.139 0.054 0.138
Energy, Gas, Water 0.070 0.055 0.070
Construction 0.367 0.133 0.364
Real Estate 0.180 0.158 0.180
Prof. Services 0.235 0.148 0.235
Health 0.102 0.101 0.102

The Role of Capital-Labor Substitutability. When the elasticity of substitution between
capital and labor, ok, deviates from the Cobb-Douglas benchmark of one, the impact of
productivity shocks on consumption can diverge further from the simple cost shares (A;)
due to reallocation effects. Panel A of Table 5 illustrates this with a shock to machinery
productivity. The consumption elasticity falls from its baseline of 0.139 to 0.093 when
capital and labor are complements (cx;, = 0.6), and rises to 0.154 when they are substitutes
(oxr = 1.2).

These deviations occur because the productivity shock alters the capital-labor price ra-
tio, which in turn changes labor shares. Per Proposition 4, an increase in the labor share
dampens the effects of a positive productivity shock, whereas a reduction in the labor
share amplifies it. When ox; < 1, the labor share of income rises in response to posi-
tive productivity shocks, dampening the consumption response; when ok;, > 1, the labor
share falls, amplifying the effect. These reallocation effects are even more pronounced in

a representative-agent model with infinitely elastic asset demand, as endogenous adjust-
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ments in the rate of return no longer dampen swings in the capital stock.

Given that reallocation effects depend on changes in the capital-labor price ratio, they
are absent for productivity shocks that do not alter this ratio. For example, as shown in
Panel B, the value of og; is essentially irrelevant for shocks to sectors like health, which is

not upstream from capital production.

Table 5: Industry TFP increase with different capital-labor elasticities.

Panel A: Machinery Sector
A Benchmark Rep.agent

ok = 0.6 0138  0.093 0.083
ok =1.0 0138  0.139 0.139
oxr =12 0138  0.154 0.167

Panel B: Health Sector
A Benchmark Rep.agent

oxr = 0.6 0.102 0.102 0.102
oxr = 1.0 0.102 0.102 0.102
oxr = 1.2 0.102 0.102 0.102

Note: The A depend only on expenditure shares and do not change as we vary elasticities of capital demand
ok, or asset demand.

5.6 Effect of a Trade War

In this section, we consider the long-run consumption effects of distortions, focusing on
import tariffs. We use our analytical results to decompose the channels through which tar-
iffs can affect long-run consumption. Our analytical framework helps to clarify why elas-
ticities related to capital and asset demand are quantitatively as or even more important
than Armington trade elasticities for determining how long-run consumption responds
to tariffs. We begin by considering first-order approximations using Proposition 6, after

which we provide nonlinear results by iterating the first-order results.

First-Order Approximation We consider a trade war where the U.S. imposes tariffs in

line with the tariff schedule announced by the Trump administration on April 2, 2025, and

21

where it faces symmetric retaliation from other countries.”® We compare consumption

under a trade war to those under free trade (no tariffs).

2 The list of tariffs by country can be found in Table E.1 in the appendix.
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To a first-order approximation, this trade war reduces global long-run consumption
by about 1% (Table 6). Using the decomposition from Proposition 7 reveals that in every
region, the decline is driven almost entirely by the interaction of the Golden Rule wedge
with the tariff-induced reduction in the capital stock. The two traditional trade chan-
nels, changes in the terms-of-trade and changes in the current account, are comparatively

unimportant in this long-run experiment.

Table 6: Decomposition of consumption changes via Proposition 7 for selected regions

Country dlog Cj, | Capital adjustment | Terms of trade | A Current account
United States -0.022 -0.020 -0.002 -0.000
Canada -0.022 -0.021 -0.001 -0.000
China -0.018 -0.012 -0.007 0.001
Mexico -0.046 -0.050 0.004 -0.001
European Union | -0.004 -0.004 0.000 -0.000
Global -0.010 -0.010 -0.000 0.000

Table 7: Change in long-run consumption due to increase in tariffs

Selected regions | Benchmark | Rep. agent | Static | ox; = 0.6 |oxgp =12 | 0 =1 |6 =00
United States -0.022 -0.027 | -0.002 -0.012 -0.025 | -0.012 | -0.003
Canada -0.022 -0.026 | -0.002 -0.012 -0.025 | -0.018 | -0.002
Mexico -0.046 -0.071 | 0.003 -0.036 -0.049 | -0.034 | 0.012
China -0.018 -0.020 | -0.008 -0.014 -0.020 | -0.021 | -0.008
European Union -0.004 -0.004 | 0.000 -0.001 -0.005 | -0.008 | -0.000
Global -0.010 -0.013 | 0.000 -0.005 -0.012 | -0.010 | -0.000

Intuitively, this dominant effect occurs because tariffs raise the price of investment
goods relative to labor. This reduces capital demand and investment, and since there
is a Golden Rule wedge, depresses long-run consumption. To further understand the eco-
nomic forces, Table 7 displays the reduction in long-run consumption under alternative
calibrations of the model. The first column is the benchmark model. The second column
makes capital supply infinitely elastic, as in representative agent models. This makes the
negative effects larger: global consumption now declines by 1.3% instead of 1.1%. The

intuition here is familiar from the misallocation literature: if supply or demand curves are
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more elastic, a given wedge alters quantities by more, and hence reduces consumption by
more.

The third column considers a static version of the model where capital is treated as an
endowment (so that capital supply is inelastic). In this case, global consumption does not
respond to a first-order change in tariffs, due to the envelope theorem. Instead, tariffs are
purely redistributive to a first order. Since the trade war results in retaliatory off-setting
tariffs, the redistribution effects are quite mild. The fourth and fifth column show that
as we raise the elasticity of substitution between capital and labor, which makes capital
demand more elastic, the losses from tariffs are greater. Once again, the intuition is similar
to misallocation: raising ok causes capital to adjust more to the wedge, which depresses
long-run consumption by more since there was an initial wedge on investment to begin
with. (See Example 4 for a pen-and-paper demonstration of this logic).

Lowering all trade elasticities to zero (6 —1 = 0) almost does not affect global con-
sumption. This conflicts with intuition from static trade models, where losses from tariffs
scale in the trade elasticity. The reason is that in static trade models, misallocation caused
by tariffs is a second-order effect. In the dynamic model, tariffs cause long-run consump-
tion to fall to a first order. This first-order effect works through capital-labor substitution
rather than through domestic-foreign substitution. (Again, see Example 4 for an analyt-
ical example). Thus, what matters is how much tariffs raise investment prices relative
to wages, which depends directly on capital goods” import content, but less on the trade
elasticity. The trade elasticity does matter for the redistributive effects of the trade war,
and lower trade elasticities spread out the losses more evenly across all countries. Finally,
the last column shows the important role of the Golden Rule wedge by considering a case
where capital depreciates instantaneously. In this case, the flow of capital services is lit-
erally an intermediate input and there are no capital wedges, hence global losses are, to a
tirst order, equal to zero in response to a trade war exactly as in the static model (despite

the fact that capital stocks fall in response to the trade war).

Nonlinear Results. Table 8 compares the linear and nonlinear effects on consumption
from the increase in the tariff. The first-order approximation performs well for most re-
gions as long as capital adjusts. This suggests that the capital adjustment logic continues
to apply even in the nonlinear model with large shocks. The performance of the first-order
approximation is much worse in the static model where capital is held constant. This is
because when capital is held constant, the large first-order effects associated with capital
adjustment are zero. The fact that first-order effects are muted when capital is held fixed
means that higher order effects are relatively more important.
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Table 8: Nonlinear and first-order log change in long-run consumption due to tariffs

Region Capital adjusts Capital fixed
Nonlinear First-order | Nonlinear First-order
United States -0.022 -0.022 -0.007 -0.002
Canada -0.023 -0.022 -0.005 -0.002
Mexico -0.048 -0.046 -0.000 +0.003
China -0.009 -0.018 -0.006 -0.008
EU -0.004 -0.004 -0.001 +0.000
Global -0.011 -0.010 -0.003 -0.000

Table 9: Log change in real wages in response to tariffs

Region Capital adjusts | Capital fixed
United States -0.030 -0.016
Canada -0.039 -0.021
Mexico -0.061 -0.014
China -0.013 -0.007
European Union -0.006 -0.003

Table 9 presents changes in real wages by country. The change in the real wage is
always negative, and the reductions are larger than the ones in consumption. Real wage
declines do not translate one-for-one into declines of consumption since rebated tariff rev-
enue mitigates the effect on household income. Capital adjustment amplifies reductions
in real wages since a lower capital stock lowers the marginal product of labor. These ex-
amples highlight the importance of accounting for capital accumulation when studying

the long-run effects of tariffs.

6 Conclusion

In this paper, we provide a framework for analyzing long-run comparative statics of dy-
namic disaggregated economies by representing them as distorted static disaggregated
economies. This representation allows us to use tools from the static literature to study
these models, and provides intuition about which model features matter for understand-
ing long-run comparative statics. The recurring theme is that long-run consumption re-

sponses can be understood through second-best principles, even in efficient economies.
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While we focus on tangible capital accumulation in this paper, similar arguments and
methods apply to the accumulation of non-physical and intangible capital as well, and
this is an important avenue for future work.
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Appendix

A Appendix to Section 2

A.1 Proof of Proposition 1

Take any BGP of an economy in the class defined in Section 2.1, with common growth rate
g for aggregate quantities, a common constant required return r on all assets, price vector

{pi,ws}ien, fer, and allocation
{Yil Cir Xi/ Ki/ {Kl]}]ENI {Lif}fEFI {Yij}jEN}iEN

that satisfies (1)-(6). Define, for eachi € N,

1 1’+5,‘
R; = ;i Ak = =
i = (r+8)p;, K= ey Wi 740,

We verity parts (1)-(2) of the proposition.

(1) BGP = static equilibrium with linear capital technology and markups. Production

and profit maximization. By assumption on the BGP, firms maximize

= piYi— ) welip = ) piYi— ) RiKi,
feF jEN JEN

with R; given by (4). Furthermore, since K; = Ak, X; with Ag, = 1/(g + J;) we can write

T —1—5]' pj

RiK;; = Ky,
U g+ 6 Ak

so the problem is exactly what firms face in a static economy where capital is produced
with productivity A, from X;.
Resource feasibility and linear capital technology. On the BGP we have the accounting

identities in (3), in particular
Xi=(g+)K <= Ki=AxX,

with Ax, = 1/(g + ;) as in item (ii) of the proposition. Market clearing for primary

factors and capital services also holds by (3).
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Profits and consumption. The profits associated with the capital-good sector are
Y 11 = ) (RiK; — piXi) = pi(r + 6:)Ki — pi(g + 1)K = }_(r — g)piKi,
i i i
Profits {I1;} are rebated to households. Aggregating household budgets then yields

Y opiCi < Y wsly + Y I = Y wely + (r—g) Y piK; = ) weLly + (r—g)B,
ieN feF ieN feF ieN feF
where we used B = }; p;K; from (6). This is exactly the budget set in (5). Since (5) holds
on the BGP by assumption (with the same U" and prices), the BGP consumption vector
{C;} is optimal in the static economy as well.

Combining these points, the BGP prices { p;, ws } and quantities {Y;, C;, Kj;, Lif, Yi;} con-
stitute a competitive equilibrium of the static economy with (ii) K; = Ag X; and (iii)
markups y; = (r +6;) /(g + 9;) and profits rebated to households.

(2) Asset market clearing pins down r. On the BGP, (6) gives B = ) ; p;K; and

Ad(i’) _ B _ EiENPiKi .
LferWrLly  YepwysLys

Thus the common return r that supports the BGP also clears the asset market.

A.2 Generalizations to case with uneven productivity growths

Below, we show a generalization of our result to the case with uneven productivity growths
and Cobb-Douglas preferences and production functions. For simplicity, we consider the
case with a single type of labor.

All prices and returns are expressed in consumption units. Let the Cobb-Douglas con-

sumption price index be Pc(t) = [Ticn pi(t)P and normalize Pc = 1; hence

d
Bimi = 0, = — Inp;(t).
lg] 17 1 dt 1

Technologies are given by

Y= ALy (T (TIKY), vt Lo+ e = 1. (26)
) ]

JEN JEN
Hicks-neutral productivities grow at constant rates g4, = A;/ A;. Define the produced-
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input share matrix M = [M;j] by
Mij = ajj + Kjj.

Effective labor grows at exogenous rates g, and we write w(t) be the wage/rental per

efficiency unit in consumption units, and define its drift

d
go = T Inwge(t).
The user cost of capital goods (derived below) is
Rj = (r+6—m) p, (27)

where r is the real interest rate expressed in terms of consumption goods. We also write
8K = K;/K; for the growth rate of capital good K;.

Lemma 1 (Relative price drifts). Cost minimization for the Cobb—Douglas technologies (26)
implies the drift system

(I-M)m = —ga + V8w, = (7)ien, 84 = (8a))ieNn, V= (Vi)ien.  (28)

Because each row sum of M equals 1 —v; < 1, p(M) < 1 and I — M is invertible, which
implies a unique 7t for each gy,. The numeraire normalization Y ; B;rt; = 0 selects ¢ = B'(I —
M)ga/p/(1 - M)~v.

(11‘]‘

Proof. The unit cost for sector i is p; « A7 ([1f w;if ) (TP ; ) (T7; R;c"j ). Taking time
derivatives and using dIn Rj/ dt = dIn p]-/ dt = us (since 1, (5]-, 7tj are constant along the
path) yields 71; = —g . + vigw + Zj(aij + xij)7tj, i.e., (28). O

Input demands and growth rates (unit elasticity) Cobb—Douglas implies constant cost
shares:
wLi =vipiYy,  pjYij = aijpiYi,  RjKj = Kjp;Yi. (29)

Hence physical quantities satisfy

pi Pi i Kij P
Li=vi—=Y;, Yij=a;—Y;, Kij=xij=Yi= —Y;.
i Vzw i ij = 4ij pi i ij = Kij Rj i r+ 5]_ — 7T pj i (30)
Therefore their growth rates are
8L, =8y + 7 — 8w, 8v; =8y, + i — 7, 8k, =8y, + i — 7. (31)
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Since g;, = 0 for all i, we have gy, + 71; = gy for all i, which implies

8Y; = 8Y; = 8w — T 8K; = 8Ki; = 8w — 7T
Isomorphism

Proposition 9 (Equivalence under unbalanced growth and multiple primary factors). Con-
sider any (generalized) balanced-growth path with constant drifts (7t;);, §w, constant r, and con-
stant ;. Let the price vector be {p;,w} in consumption units, and the allocation be

{Yi/ Cil Xi/ Ki/ {Kl]}]/ Li/ {Yl]}]}ZEN
Define, for each capital type j,

Ty T X T ey

Then:

(i) Static production side. The same prices { p;, w¢} and quantities {Y;, C;, Kij, Lif, Yij } con-
stitute a competitive equilibrium of a static economy with the same technologies and prefer-
ences, except that each capital good j is produced from the investment good X; by the linear
technology

X:

Ki = Ag. X; = —2—,

and is sold at an as-if markup p; over its flow cost. Profits of the capital-good sectors equal
I = RiKj —p;Xj = (r—gx;— ) piK;,
and are rebated to households.

(ii) Household budget and asset market. Let B = ) ; p;K; and define the capital-gain-
adjusted agqregates

— K = K K
j j

Then along the path B/ B = gk + 7tk, and the integrated household budget (in consumption

49



units) is
Zp,-Ci < wL + rB—B = ZZUfo + (Y—g_K—fCK) B.
i f

If asset demand is summarized by a correspondence A“(r) as in the baseline, the return r is
pinned by A%(r) = B/ (wL).

A.3 Non-Physical Capital

To illustrate how the results can be extended to a model with non-physical capital, we
analyze a model where firm entry costs operate as a form of capital. The model features
one with a single homogeneous output good and a continuum of perfectly competitive
firms. Firms with productivity z have production function y(z) = z¢7, where 5 € (0,1)
captures diminishing returns and [ is the number of workers hired for production. Firms
produce a homogeneous good sold at price p. To start a firm, entrepreneurs pay a sunk
entry cost, w/z., where z, is the productivity of the entry technology. Firms exit at an
exogenous rate 6 and the discount rate is r. . We write ¢, y, 7 for labor, output, and profit
per firm, M for the steady-state measure of firms, and Y = My, M{ = Ly, Md/z, = Lg

for steady-state output, production labor, and entry labor. Aggregate production satisfies
Y = lefan = ZF[M, Ly],

with wages and per-firm per-period profits satisfying

w = zFp,
T = zFpy.
Free entry implies that
_ [T ot T
w/ze /0 e T eyl

Furthermore, the steady-state measure of firms need to satisfy
Mé = z.L,,

where L, is the amount of labor allocated to entry. This can be used to obtain the following
set of steady-state equations

Y = zF[M, Ly],
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Y,M,Ly € argmaxY — wLy — 7tM,

r+o r

C=wL+ Mm— Lw
Le+ Ly < L.

We see that the equations are precisely as though there is an investment flow of value L.w,

a capital stock of value L‘jsw rented out at » 4 6. We obtain the following proposition.

Proposition 10 (Isomorphism with firm entry and exit). Steady-state prices and quantities
in the economy described above form an equilibrium of an equivalent static economy where the
production functions of goods are the same as in the dynamic economy; entry costs in the static
model are ¢3¢ = §/z,; profits are taxed at rate T = 5 With tax revenues distributed to
households.

A4 Proof of Proposition 3

Fix a BGP of an economy satisfying (10)-(15) with growth rate g, prices {p;, wy}, wedges
{1;}, returns r = {r;};cn, allocations

{Yi/ Xi, Ki, {Kij}jen, {Yij}jen, {Lif}fer {Czh}heH}ieNr

and household portfolios {Blh }ien nen and wedge rebates {T"},cpy. Define, for each i,

1 ri+0;
R; = (ri + 6;)pi A = —— =,
i (i’z + z)Pzr K; g+§i’ Hi <+ 0;

(1) BGP = static equilibrium with linear capital technology, taxes, and markups. Firms.
On the BGP, each i-producer solves

max (1 - Ti)piYi - Z ZUlef - Z p]Yl] - 2 R]KZ],
{YiLig Yij Kij } feF jeN jeN
with technology (10) and R; = (r; + &;)p;. Since R; = u;p;/ Ak, this is exactly the firm
problem in the static economy with the same {p;, w¢, 7;} and where capital goods are
produced from X; with productivity Ak, and sold at a markup ;. Hence the BGP choices
1Yi, Lif, Yij, Kij} satisfy static profit maximization.
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Resource feasibility and linear capital technology. The BGP resource constraints give

Y—ZCh+X+Z jis Xi = (§+6i)K;, Y L < ZL?, Y K <K
heH jEN iEN heH jEN

The second identity is equivalent to K; = Ag X; with Ax, = 1/(g + ¢;), i.e., the linear
capital technology in the static economy.
Capital-good “as-if” markups and profits. The capital-good sector’s profit is

1
I; = RiKi — piXi = pi(ri + 6;)Ki — pi(g + ) Ki = (ri — g) piKi = <1 - ;)R K.

Taxes and wedge rebates. For non-capital goods, CRS and price-taking imply zero pure
profits net of wedges, so wedge revenue equals 7;p;Y; per good. By assumption, { N}, },cy
partitions N and T" = ¥, N, TiPiYi, so aggregate wedge rebates match aggregate wedge
payments.

Households and budgets. In the static economy, let aggregate (as-if) capital profits ) ; I'1
Yi(r; — g)piK; be rebated across households with shares {77 }. Household /’s static bud-
get set is then

Y.opCl < Y wllp+ I Aty (ni-

ieEN feF wedge rebate _IEN )
N——— ~~
labor income profit rebate
With the choice "
o= Zi(”i_g)Bi
Y Xi(ri — 8)BY
the profit rebate equals };(7; )Bh hence the static budget coincides exactly with the
BGP budget
ZPZC < waLf+Z g)Bl +T".

Since preferences U" and prices are the same, the BGP consumption vector {Clh} is optimal
in the static economy. Market clearing conditions carry over from the BGP. Therefore, the
BGP prices, wages, quantities, and wedge payments constitute a competitive equilibrium
of the static economy with (i) the same technologies, wedges, and preferences, (ii) K; =
Ak, X, (iii) the same sales wedges on non-capital goods with rebates T", and (iv) capital-
good markups y; = (r; + 6;)/ (g + J;) with profits rebated by {7"}.
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(2) Auxiliary conditions for r» and 7. On the BGP, asset market clearing ) ;- Bf‘ = piK;
holds asset-by-asset, and by definition of the asset-demand correspondences,

Bl = < Y. wa? + Th) .Afl’h(r).
feF

In the static economy constructed above, define

ﬁ;f”tic = Z wa? + Th, Kftutic = PiKi-
feF

Then asset-by-asset market clearing rewrites as

heH

which is the first equation in part (2). Moreover,

o= il —Q)B LN — g) A ()
Y Xi(ri— g) Blh’ Yo ﬁff,ﬂtic y(ri — g)Af’h/(r)

4

which is the second equation in part (2). This completes the proof. U

B Appendix to Section 3

B.1 Proof of Proposition 4

The comparative statics of productivity change are given by diAiXSt“”C(A, i, t(A)). This
distorted static economy belongs to the class studied in Bagaee and Farhi (2024). Applying
their Theorem 2 yields our proposition.

B.2 Proof of Proposition 5

Multiply the resource constraint by p;, sum over i, and totally differentiate to obtain

Y opidYi = Y pidCy + ) pidX; + ) p;idY. (32)
; i i i)

dcC
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Totally differentiating firm output using the first-order conditions for inputs and sum-

ming over i gives us:

Y pidY; = szy dlog A; + wade + YpjdMa; + ) RjdKj,  (33)
i ij jex

where de = Zi szf and dK] = Ei dKl]

Intermediates and non-accumulable factors cancel in aggregate. Subtract (32) from (33).
The intermediate sums cancel by relabeling i < j: Zi,j pidM;; = Zz’,j pi dM;;. For non-
accumulable primary factors f ¢ K, aggregate supplies are fixed, so dL; = 0. Hence,

ZplY dlog A; + ) (R;dK; — p;dX;). (34)
jek

Balanced growth for investment. On the BGP, X; = (g + ¢;)K; so dX; = (g + ¢;) dK;.

Substitute into (34):

ZPZY dlog A; + ) (Rj—(g+9j)p;) dK; = ZPIY dlog A; + Y (RiK;—pjX;) dlogK;j,
jek jex

where the last equality uses R; = (r + ¢;)p; and X; = (g + 6;)K;

Divide by total consumption expenditure. Let C =}, ; p;Cpjand A; = p;Y;/C. Dividing
by C yields the Divisia change in aggregate consumption:

dlogC = Y AidlogA; + Y~ P 1ok,
i jeK C
Taking the partial derivative w.r.t. log A; gives

E)logC K] — p]X] alog K]

dlog A; =M ].GZK C dlog A;’

which proves the claim. Under Cobb-Douglas, Proposition 4 implies dlog C/dlog A; =
A;, yielding the stated corollary. Since RiK; — p;jX; = (r — g)pjK;, the “capital amplifica-
tion” term is positive whenever the shock raises capital stocks (d1log K;/dlog A; > 0) and
the economy is below the Golden Rule (r > g).
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B.3 Empirical cost and revenue weights

We use the World Input Output Database augmented with investment flow data from
Ding (2022) to calibrate the cost-share matrix (), the capital wedges y, and thus the revenue-
share matrix Q).

We calibrate Q) using two primary data sources: the World Input Output Database
(WIOD) (and the associated Socio-Economic Accounts) for consumption spending, in-
termediate input use, and labor inputs, and investment flow data from Ding (2022) for
investment spending. To ensure consistency, we aggregate WIOD sectors to match the
sectoral classification in Ding (2022), yielding 27 sectors.

The matrix Q) consists of submatrices giving the cost shares for consumption goods
Q¢ y in terms of perishable goods from different countries, cost shares of perishable goods
QC,N/ QC,K, ch r in terms of intermediate inputs, capital goods, and labor inputs, and cost
shares of investment goods Qg n. All other submatrices are zero.

Consumption shares () HN- Since households only consume perishable goods, the con-
sumption share submatrix O g N has dimensions H x N, with each row & containing the
shares of country h’s consumption spending across all country-industry pairs (4’,j’) that
produce perishable goods. The elements of this matrix are given by

Xlljh’ i’ o 2l
- ifj €N
:

Qh’h/]'/ = '
0 otherwise

where X1, ji s the dollar value spent by country / on consumption goods from country
1, industry j/, and XH = Y I?,Ih’ j 1s aggregate consumption in country h. We define

consumption as the sum of household, government, and non-profit consumption.

Intermediate input shares Q) . For the submatrix Qy y giving intermediate input shares
of perishable goods on other perishable goods (%,7), we have

th,h’j’ =

The input coefficients on origin-industry pairs is the intermediate input spending taken
from the WIOD on that pair, divided by gross output.
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Capital cost shares Qy k. For capital cost shares Qp k, we have

ok if i =hand K = k(i)

0 otherwise

Qi =

where lAc(z) denotes the capital good associated with industry i, and GOS;; = GOy, —
YiveH,'eN Xnip'j — LifeF X}%i, 7 1s the gross operating surplus. This expression states that
the capital cost share for (h,i) is only positive for the capital good associated with that
industry, which is (h,k(i)). For this good, the cost share is the ratio of gross operating
surplus of the industry relative to its gross output. This assumption captures that we
assume no pure profits beyond capital rents, which means that the full operating surplus

reflects rental payments on capital.

Labor cost shares Q) r. For labor, we have

hi, f /I __ h
. oL W=hfeF,

0 Otherwise.

The condition i’ = h, f € F" captures that countries only use labor inputs from their
own country. For these labor inputs, the share are given by labor compensation of (, 1)
on labor type f taken from the Socio-Economic Accounts, with labor types being low-
skilled, medium-skilled, and high-skilled. For these, cost shares are defined relative to

gross output.

Investment cost shares Qg n. The submatrix Qg y gives the cost shares of different in-
vestment goods (h, k) on different inputs (1, i’).

Inv
th(k),h’i’
Xllw 4

ci(k)

Oy =

7;1?)
(k)1

ment spending of industry (k,i(k)) on (1,i') in the data of Ding (2022), and X}Il”v

i(ky —
Yo X;Z?(Z;() s 18 the total investment of (%, 1(k)) in the database.

where i(k) is the regular good associated with investment good k, X}Il is the invest-

Aggregating () over time. The WIOD data is annual while the data in Ding (2022) is only
from 1997. For all submatrices but QK,N, we take averages from 1995 to 2009. For QK,N,
we take the 1997 values.
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Calibrating .. For each industry-country pair, we calculate k(i) as the ratio of gross
fixed capital formation to gross output in industry (/,17), averaged over 1995-2009.

Consumption share by country ®. The final component is the vector ®, where each ele-
ment &, represents country h’s share of total world spending. We set this to be consistent
with observed net foreign asset (NFA) positions and the factor incomes implied by our
input-output matrices. The specific procedure is detailed in Appendix D alongside the
full quantitative model. While one could calculate these shares directly from final expen-
diture data in the WIOD, the resulting figures are not fully consistent with the balanced
growth path conditions required by the structural model introduced later, since current
net exports are not consistent with stable ratios of NFAs to world consumption. Therefore,
to ensure consistency between the data presented here and the eventual model calibration,
we use this inferred measure. The resulting shares are quantitatively very similar to those

computed directly from the raw data.

B.4 Details on the Neoclassical Growth Model Example

Setup. The production and accumulation blocks of the economy are given by
Y = AyF[K, ALL], C=AcY,, X=AxYx, Y=Yc+Yx, K= —6K+ X.

Final output is produced using capital and labor, which is used to produce consumption
and investment goods. The terms Ay and A are Hicks-neutral and labor-augmenting
technology terms, with A} assumed to assume grow at a constant rate ¢.?> The produc-
tivity of consumption and investment goods is given by the productivity terms Ac and
Ax. With a representative household, the long-run capital supply function is infinitely

elastic, with long-run equilibrium in capital markets requiring that
r=p+g/v+7

where p is the discount rate, -y is the intertemporal elasticity of substitution, and 7* is a

wealth tax on capital.

Representation. Proposition 1 applies to this economy, so its balanced growth path is an

equilibrium of a distorted static economy, which can be represented using the notation in

Section 3.1. Writing a = 2198 for the output elasticity with respect to ca ital, and order-
& dlog K P y P p

22For simplicity, we assume there is no population growth, but none of the arguments hinge on this
assumption.

57



ing commodities as consumption, output, capital, and labor, we obtain the following:

d=(1 0 0 0), (35)
[0 1 0 0 | 010 0
0 0 x 1—a . 0 0 a 1—u
O= 1o (w2 =y 0 o |© YTlo1o o |0 ©9
) =)
0 0 0 0 000 0
1 1—
1 1—a/p l—i/y 1—ao/cpl 1 ﬁ ﬁ 1
0 /i Toa7i Toat 0 17 %% 1
_ —a/u —a/u —a/u § —u —u
T = 0 W 1 (A—a)/p |~ = o -L 1 11’ 37)
1-a/py 1—-a/p 1—a/pu -« 1—u«
0 0 0 1 0 0 0 1

1 1— 3
N=¢W:<11wm1$m1w%>fN=¢W:<1TL %_1) (38)

o

I

The vector ® represents the share of final expenditure on different commodities, with
all weight on the consumption good. The revenue-based and cost-based input-output
matrices Q) and () have identical first two rows, reflecting that there are no markups in
the consumption and raw output sectors. The first row shows that 100% of consumption
good costs come from Y, while Y’s cost shares are « for capital and 1 — a for labor. In
0, the third row indicates that all costs for producing capital goods come from sector Y,
while the third row of () shows that only a fraction % of capital sector rental income
goes to the producer of investment goods, with the remainder being net capital income.
The difference between () and Q) reflects the as-if markup y — while raw inputs constitute
100% of investment costs, they do not account for 100% of rental revenue. The final row
in both matrices represents labor, which requires no inputs.

The revenue-based Leontief inverse, ¥, captures how much each dollar spent on that
row’s commodity contributes to the revenues of other commodities, while each row of the
cost-based ¥ captures how much of the costs of that row’s commodity are accounted for
by different inputs. Note that the term 1 — a/u that consistently shows up in ¥ represents
the consumption share of GDP, since a/p = ;35(g + ¢) is the investment share of GDP.
Since all final demand is in the consumption good sector, our primary interest is in the

first rows of each matrix, which equal the Domar weights A and A.
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The revenue-based Domar weights A are the sales of different sectors relative to final
consumption. The first element shows that consumption sales are, unsurprisingly, 100%
of final consumption. Since consumption-to-GDP is 1 — a/, the subsequent three ele-
ments follow from dividing GDP, capital income, and labor income by total consumption.
Moreover, when as-if markups are positive, the cost-based Domar weights A are weakly
larger than revenue-based Domar weights. Consider, for example, the last element in A
and A, which represents the Domar weight of labor. While the cost-based weight of labor
is 1 (consistent with all costs scaling linearly with the price of labor), its revenue-based
weight is less than one if # > 1, since consumption in this case is partly financed by net

capital income (i.e., profits in the equivalent static economy).

C Appendix to Section 4

Proof of Proposition 6

Throughout, interpret bold variables (e.g. r, §, T, 1) elementwise and let “-” denote inner
products over assets; all derivatives are taken at the reference BGP. By Proposition 3, any

BGP (A, 7) is represented by the (as-if) static equilibrium mapping

- +6 1
XBGP — xstatic( A — r
(A pm), p P g
with r and 7 determined by the auxiliary conditions
Z ﬁztatiC(A’ Hzﬂ') Ad,h (7‘) _ KstatiC(A, u,ﬂ'), (39)

heH
- £Ztatzc(A, i, ﬂ_) [(,r _ g) . Ad'h(r)}

= T LA, ) [(r— g) - AV ()] 40

We adopt the conventions from the statement of the proposition: J; = oo for non-capital

goods (so y#; = (1 —7;)~! and dlog u; /9r; = 0) and T; = d7; = 0 for capital goods.

Step 1: Total differentiation of the equilibrium mapping. By the chain rule applied to
XBGP — Xstatic(A " ﬂ_)

aXstatic aXstatic aXstatic
dXBeP =22 gA + dp+ ——

IA o am,

which is the first display in the proposition.
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Step 2: Differential of wedges . Elementwise,
log p; = log(ri +6;) —log(g +6;) —log(1 — 7),

SO
d]/li . o dl”l' dTZ d/_L . dr dr
0 —dlogyl—ri+(5i+1_ri. == 7_7"4—6—'_1—7-' (41)

This proves (19). (By convention, dr;/(r; + ;) = 0 for non-capital goods and dt;/ (1 —
7;) = 0 for capital goods.)

Step 3: Solving for dr by implicit differentiation. Define the (vector-valued) market-

clearing function

F(r;A,m,m) = Y LA, p(r,7),7) AV (r) — KHE(A, pu(r, T), 7).
heH

Equation (39) is F(r; A, T, ) = 0. Totally differentiate and group dr terms:

d } : static 4d,h _ QfCstatic acsfﬂﬁc h QfCstatic B
ar[ Ly A (r) | dr or dr + E: 2, FY” (r) o dx =0,
| N—— XE{A,T 7'r}
i ;
where
d . oCstatic
d — static Ad,h s —
o or [;ﬁh A (T)] ’ = or

Both Jacobians incorporate the dependence of L3¢ and K% on r through p(r, 7) (and,
if present, through 7 when treated as a function of )23 Assuming the matrix €Z + €. is

nonsingular (local solvability), we solve for dr:

dr = (ep+€)" )

a,cstatzc aﬁstatzc
[ ox _Z ax AT dx, (42)

which is (20).
Step 4: Differential of profit shares . Let

Sy = L [(r — g) - A¥(r)], =Y Sy, = %
h/

Z3Formally, these are the Jacobians of the left- and right-hand sides of (39) w.r.t. 7 holding (A, T, ) fixed.
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Then

dT[h Sh'
— —dlog S, — ;ﬁdlogsh/

—d 1Og (ﬁztatic Ad’h('l“) . (,,, . g)) i En_h/ dlog<£%atic Ad'h/('p) _ (r _ g)>,
h/
i.e. (21). This completes the proof. U

Proof of Corollary 2

Consider an infinitesimal change in A;, holding T fixed. Aggregate long-run consumption
equals the static-equilibrium aggregate consumption with arguments (A, u, ). Aggre-
gate consumption depends on the level of aggregate non-capital income and profits but
not on its distribution across households: @ log Cs!* /g = 0. By the chain rule,

dlogC _ dlogCstatic  glog Cstatic 9glogp  or

dlogA;  dlog A; dlog or dlogA;’
From (41) with dr = 0,
dlogp 1 .
> —rie (elementwise).

Combining gives the stated expression:

dlogC _ dlogCic  glog Ctic 1 or
dlog A;  dlog A; dlog C\—t—&/ dlog A;

7

dlog
dr

with dr/dlog A; obtained by evaluating (20) at the A;-shock (i.e. set dx = dlog A; and
others zero).

Proof of Corollary 3

Fix i and consider a change in 7; (with productivities fixed). As above, aggregate con-
sumption C is independent of 7 holding aggregate income fixed, so

dlogC  dlog (Cstatic dlog u; n dlog Cstatic _ dlog 8_1“
ot,  dlogy; oT; dlog p or 0T
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By (41), holding r fixed,

dlogp; 1 dlogp 1
o, 1—-1 or  r+d
Therefore, ‘ ‘
dlogC  dlogCstatic 1 dlogC™c 1 or
oT; dlogu; 1—v dlog u Ci_&/ ot
dlog u; dlsgu
aT,' r

with dr/0T; given by (20) applied to the 7;-shock (set dx = dt; and others zero).

Remarks. (i) In a one-asset world, €/ + €. is a positive scalar under standard assump-
tions, so shocks to net capital demand shift r in the same direction. (ii) In the neoclassical-
growth limit with infinitely elastic asset demand, 6;{ = oo and dr = 0; then du = 0 and
dXBCP = (aXst¢ /9 A) d A, recovering the results from the baseline section.

C.1 Proof of Proposition 7

Define permanent domestic product (PDP) along the balanced growth path to be GDP

minus investment:

PDP,= ) pYi— Y, Y pYij— Y piX;

iGNh iENh jEN iEKh
~ ~~ —~—
GDP of country h investment of country h

Define net permanent output of each good i € N produced by country  to be

Qi =Yi1[i € ] = ) Yi— X;
jEN,
Note that

PDP, = Y pifci.
ieN

Define growth in real PDP, denoted by dlog Y}, to be

Pi
dlogY; = dq,;.
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Similarly, define the implicit PDP deflator d log P to be

qi
dlogY, = E ——dp;
ieN PDP, ;

Define net exports of each good i to be

NXi=pi| ), Yi+ ) Cuit ), Y

—Pi lz Yii+Cei+ ) Vi

JEN}, W #£h jE€Ky, €Ny, jEK}Y
Define
NX, =) NX.
i
Note that
PDP, = P,C, + NX;,.
Hence,
PDP 1
dlog [P,Cy] = ——="dlog [PDP;] — ——d [NX},]
hch Phch
PD %
— X
dlogC), = PC dlogYh+ P.C, dlogP —dlog Py, PC ——d [NX}]

Writing this out gives

PDP, PDP, v~ [qi — cei 1

dlog C, B.C, dlog Yy + B.C, gf DD, dp; Phchd[N ]
PDPh [Pz pz Cl]
= 1 — ——d[NX
Pcdl Y+l§/ dlog p; PCd[N A
PDP,

NX 1
= dlog Y, + L d1o — d[NX;].
p,C, 08 h gvpc 5PiTpC, INXG]

The result follows if we can show that

PDP,
PGy,

RiK; |ri—g
dlogY, = ll[l }dlo K.
& 1h ieZKh P,Cy i+ 90 &

From the resource constraints:
dq ci Y;

= lleng [Z € Nh] Z idlog Y]'i — édlog X,
Yci dci jEN, Yci dci
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and from technologies (using that Q,,. = Q),,. for n € N since the only initial wedge is on
capital):
(dlogY; — Z Qjrdlog Lis — Qy i )dlogK Z QjidlogYj;,
fer, ieEN
where k(j) is the capital good associated with j. Last, along the balanced growth path, we
have:
dlog K; = dlog X;.

Hence, unpacking the definition of d log Y and substituting, we get:

Pi _bi
leg Y, = [dq i] = dy;l [l € Nh] dY;; —dX;
ieZN PDP, ¢ Z PDP, Z ]

JEN
piYi Pi piXi
=) —=5dlogYi— ) IATEDY dlog X;
[iEN), PDP, ien PPy jeN, i€Nj, PDP, l
piYi p]YIJ Pz i
=) t—=dlogY;— Y Y ——dlogY;j— )} ———dlogX;
ieNhPDPh l ieNhjeNPDPh ! ieN|, PDP,
piYi piXi
= Z dlogY; — Z Z dlog K;
LiEN], PDP, l ieN;, PDPh jeN I v ieN, PDP, 1
=) piYi dlogY; — ) Piti \dlogY; — Y QipdlogLip — Qyydlog K;
ien, PDPB ieny, PP fer,
piXi
- Y dlog K
ien, PDPy 1
PiYi piX;
= Qjsdlog Lis + Qupndlog Ki| — Y dlogK;
_ie;/'h PDP, f;h if if ik(i) ! ieN, PDP, :
[« RKi—piX;
=) ———"dlogK;
ick, PDPu l

_ (PDP,\ !
-\ BhG,

RiKi [ri—8 ,
P,Cy, L’i—i—5 dlog K;

iEKh

which completes the proof.
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D Appendix to Section 5

D.1 Model characterization

Here we present the full model without imposing the assumption of a balanced growth
path, and also include the explicit aggregation decisions that link household decisions to
aggregates. For generality, we also include a capital tax " that is not part of the model in

the main paper.

Indexing. We write H, N, K, and F for the set of countries, types of perishable industries,
types of capital goods, and factors. There is one consumption industry per country. The
full set of industries consists of a collection { (h,i) : h € H,i € N} giving pairs of countries
and industry types (we use the index (h, h) with h € H to index quantities associated with
h’s consumption good). There is one capital good (h, k) associated with each country-
industry pair (h,i). We write k(i) for the element in K associated with i € N. We also
write F”* for the set of factors located in country h.

Production and profit maximization. The production functions for consumption goods,

other perishable goods, and investment goods are given by

Ci(t) = Apy ] Yy ()i Vhe H (43)

JEN
- 1 oxr—1 1 N ogr—1 UIZIL(El
Vi (£) = Api [T Vi j() 0 |kt L (£) % + K (Khi(f)a’“'K) K Vhe H,Vie N

jeN

(44)

O g
Lyi(t) = Ase8at T [Lyis(0)] s Vhe H,Vie N (45)
feR,

th(t) = Ak H th/].(t>0hk,j Vh € H,Vk € K. (46)

JjEN

For all three goods, there is a Cobb-Douglas aggregates of intermediates from different
types of industries. For regular goods, there is also a CES aggregator of labor inputs and
capital from that industry’s capital good, with labor being a Cobb-Douglas aggregate of
different labor types, with factor-augmenting productivity growth on labor input that is
common across labor types and countries. Note that the expression Kj; here refers to a
quantity of a capital good and not the set of capital goods. For all three expressions, we
have Y th,j + Yy th, f+ th’K =1, with th’ £ and th‘,}( interpreted as zeros in the case
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of consumption and investment good production. We also have ay;; + a3,k = 1 and
apir = Lf Qi f

The terms Yy, j(£), Y3 j(t), Y, j(t) are Armington aggregates associated with the indus-
try type j. They are given by

0
0—1
0—1 . .
Yini (£) IZWhl]h,th]h,( )@ ] , ie{hlUNUK,jEN (47)

where } ;) Wy; jr = 1 and h' stands for origin countries. The indexing for i captures that
the same aggregation is performed for consumption goods, regular goods, and capital
goods. The indexing over j captures that there are no cross-country Armington aggregates
of consumption and capital goods.

Producers allocate expenditure across different countries to minimize costs:

{th h’ ( )} € argmmz 1 + th]h’)Ph' ( )th,h’](t) s.t. (47) Vh € H l,] €N

subject to (47), where t), jj; is an import tariff levied by country i on good j from country

h'. Similarly, labor is chosen to minimize cost given the desired labor aggregate

{Lnif(t)} € argmin Z we(t)Lpif(t) st (45) Vh € H,i € N.
feh,

Writing py; ;(t) and wy,;(t) for the unit cost for industry (, i) associated with buying a unit

of inputs from industry j and a unit of labor input, the choices of producers maximize

profits
{Cn(t), Yun,(t)} € argmax py(t — Y Puni(O) Y (1) Yhe H  (48)
jEN
{Y0i (1), Yiij(t), Li(t), Kpi(t) } € argmax(1 — T;) pi(£) Yii () (49)
— Y P j(8) Vi j(£) — wpi (£) Lyi (1) — Ry (£)Kpi(t)  Vh € H, Vi€ N
jEN
(50)
{ X (8), Yir,j (1)} € argmax(1 — ) puc () Xk (F) — Y, poc () Vi j(t)  Vh € H,Vk € K,
jen
(51)

where 13,;, T are output taxes associated with regular goods and investment goods.
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Households. A household born at time t;, chooses which capital good to enter, solving
the problem:
Vii(tp) = max Vi(ty),

lENh

where V;(t;) is the expected utility of operating capital good i, and it is determined by a
lifecycle problem where households choose a path of net worth n(t), consumption c(t),
capital k(t), and bonds b(t) to maximize expected utility

1-1/7y
Vi(ty) = max ]E/ n(t=ty) g=on(t=t) € c(tp,t) dt, (52)

n( 1-1/y

The households choose subject to the following constraints

dn(t) = { 1+ Ti(8) ) wr(t)lp +vyn(t) +n(t)[r + @(8) (ri(t) —V)](l—fh)—Ph(f)C(t)}dt

feF
(53)
+on(t)e(t)dz;, (54)
o) = LD 55)
( ) = ( )/pz(t) 0i (56)
n(t) = b(t) + pi(t)k(t) (57)
wyb < ( ) (58)
n(tp) = (59)

In the evolution equation (54), Y¢cr ws(t){y is primary factor income, where / is the
households” endowment of factor f, and Tj,(t) is the transfers in country & as a share of la-
bor income. We assume that labor /¢ whenever the household is alive. Households have
access to an actuarially fair annuity and optimally choose to annuitize all their wealth.
Thus, capital income consists of 7(¢)b(t) in interest payments on bonds and v,n(t) of sur-
vival benefits from the annuity.>* In addition, the household allocates p;(t)k(t) to their
idiosyncratic capital line, earning a net return R;(t) — 6; , where R;(t) is the rental rate of
capital i and J; is its depreciation rate. All capital income is subject to a capital tax T" that

24Formally, the household contracts with a financial intermediary to obtain a flow payment conditional
on survival in return for giving up all assets upon death, including their individual capital line, which can
be resold at a price p;k;(t).
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is common across industries in a country. ?°

The net return on capital generally exceeds the risk-free rate r, but comes at the cost of
exposure to idiosyncratic risk, given by o;p;(t)k(t)dZ;. Here, 0; captures the volatility of
idiosyncratic risk in industry i, and dZ; is an increment of the standard Brownian motion.
This formulation, following Di Tella (2017), can be microfounded in terms of information
frictions between the entrepreneur and the investor. We assume that either all capital
goods are risky, or that none are. We assume that the capital tax does not reduce the risk
faced by the entrepreneur, consistent with an interpretation where the entrepreneur has
to be exposed to a sufficient amount of risk in their post-tax income.

The choice across industries yields stochastic processes for the household variables.
For any given variable x, we write x;(f;,t) for the stochastic process associated with a
household born at time t;, and operating in industry i. To streamline notation, we extend
the stochastic processes to the full range of t by assuming that they take value 0 before
birth and after death.

Financial intermediaries. We assume that annuities and claims on capital lines are inter-
mediated by a financial institution. On the annuity side, the intermediary sells annuities
that provide flow payments to living households in exchange for their assets upon death.
In terms of claims of capital lines, the intermediary issues derivatives which promise pay-
ments to households after bad shocks in return for payments after good shocks. The
intermediary does not hold any assets or make any profits. For annuities, this follows
from free entry which implies that annuities are actuarially fair, making the intermedi-
ary a mere conduit for redistributing between surviving and dying households. On the
capital side, zero profits follow from free entry and the fact that the intermediary is risk-
neutral with respect to household shocks, meaning that the derivatives have no upfront
value and yield no expected profits.

We assume that risk-free bonds are in zero net supply and that financial markets are

integrated, implying a market clearing condition

Z Bi(t) =0, (60)
ieN

where financial integration is captured by summing across all industries in the world.2®

ZThe common rental rate is consistent with the setup of industry-specific capital stocks consisting of
perfectly substitutable varieties.

261f there is financial autarky, this equilibrium condition is replaced by one for each country, with the sum
running over N, for each country h.
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Demographics and aggregation. For each t, € (—oo,0), there is an exogenous number
of births Lo, (t,) = e8ttLy. in country h. To obtain aggregate variables, we integrate
household outcomes across cohorts:

Ly(t) = /_ 0:0 LO(t, ) Esdty, feF, 61)
Ki(f) = /_ o:o LO(ty) @ei(t)Ekei(ty, )dty, h € Hi € N, 62)
Bi(t) = [ °:o LO(t) gei (tyJEDi[ty, fldt,, i € N, (63)
aun = [ N Lg(tb)ie%l ¢ei(ty)Ecilty, tldty, h € H. (64)

The expectations are taken over realizations of cohort-t;’s processes, which are stochastic
due to mortality risk, as well as due to idiosyncratic risk to capital accumulation. The
terms ¢y,;(,) are the shares of households born at time t;, in country / that operates capital
line i. Further, the convention of treating stochastic processes as zero before birth and after
death implies that the survival probability is implicitly accounted for in the expectations.

It also implies that there are no contributions to aggregates from cohorts born after time t.

Resource constraints and market clearing. In addition to the bond market clearing con-
dition, the resource constraints are given by

Cu(t) =Yu(t), heH

Yhi(t) = Z Yh/j’,hi(t)/ he Hie N
WeH,j/eH+N+K

Kh,i(t) = _5k(z‘)Kh,i(t) + Xh,k(i)(t) he Hi€eN
Le(t) = Y Lys(t), heHfeF"
ieEN

Furthermore, transfer income to households need to be consistent with tax income for the
government:

_ Lien, ThiPhi (8) Y (8) 4 Xij o i i Pjie (8) Yo jaw (£) + T () By (£) 4+ Lo i (8) K (£)74(1)]
Yrer, wr(t)Lg(t) ’

T (t)

where the size of the transfer is expressed relative to factor income in that country.

Equilibrium. Given taxes and tariffs, an equilibrium of the model consists of prices,

quantities, transfers, household values and decision functions, as well as the shares of
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households ¢;(t,) that enter different capital lines. They satisfy the following properties.

1.

Given prices, aggregate quantities are consistent with profit maximization, capital

accumulation equations, resource constraints, and bond market clearing.

For each cohort t;, the households” value and decision functions solve their opti-
mization problem (52)-(59) given prices, with the implied stochastic processes being
consistent with aggregate quantities, (61)-(64).

. For each tp, all industries with strictly positive entry offer the same expected utility

to newborn households. That is, if ¢p;(ty), @i (f5) > 0, then

Vii(tp) = Vi (tp)-

Balanced growth path. Balanced growth paths are equilibria with the following proper-

ties:

1.

2.

Constant risk-free rate r, rental rates {R;}, and good prices {p;}.

Constant shares ¢;,; of households in every country entering each industry.

. Primary factor prices w¢(t) grow at a constant common rate g 4.

Consumption, output, intermediate inputs, and capital stocks grow at a common

constant rate g = g1 + g4.

D.2 Details on the household solution

Consider the household problem when they face a wage profile w¢(t) = e$4'w; and con-

stant rates of returns r(t) = r, r;(t) = r;, and fixed prices p,(t) = pp, pi(t) = p;. Fur-

thermore, write y = Y s w¢ls(1 4 Ty,) for total factor income. Define 71(t) = e~34'n(t)

and ¢(t) = e 84c(t) to be normalized levels of net worth and consumption. Then, the

problem can be expressed as

max /°° e‘ﬁhté(t)l_l/ly
0 1-1/9

where g, = p, + v, — ga(1 —1/7), subject to

di(t) = {y — pul(t) + vt + A(t) [r — ga + ¢(8) (ri — )]} dt + o9 () A (t)dZ;
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Ay >-——4
r+Vh_gA

¢(t) > 0.

Defining effective wealth as

we obtain
do(t) = [(r+vy, — ga)@(t) + ¢ () (r; — )@ (t) — ppe(t)]dt + oip(t)w(t)dZ

This is a Merton portfolio problem with a risk-free return » + v, — g4 and a risky return
i + v, — ga. The solution is given by allocating a constant share of effective wealth to the

risky asset:
— ri—r —1
i =7 X o2 = ’)’Sio-i ’

i

where §; = % is the Sharpe ratio. The household also consumes a constant share of

effective wealth

pue(t) = 2o(t) szx(ﬁ—@—lﬁw<lﬁllf+r+w—&0>

207

Substituting this expression into pjc(t), and using that the expected growth of the Brow-

nian term is 0, we obtain that the expected growth rate of &(f) is

A . y(y+1
Ed(t) = (1) [~ga+ 10— + D52
This mean that non-normalized wealth grows as y(r — py) + MS?, as stated in the
proposition.

To derive the expected utility at birth, we note that flow utility at time ¢ is given by

Fe Pty ()1 1/
1 1/v

—pt 1-1/
Using the linearity of expectation, the expectation of the integral over % equals
Ze PE@ ()17

the integral over *———7,——. Using standard Ito algebra, we can derive a stochastic
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differential equation for @ (t)!~1/7 in terms of the drift and diffusion of &, which lets us
solve for the growth rate of expected utility IE@(#)!~1/7, and thus for expected utility at
birth.

D.3 Proof of Proposition 8

First, we note that since attained utility only depends on industry properties through S;,
these must be equalized within a country when all capital goods are active. This implies
there exists an Sj, such that

ri=r+0S, VieK"

as stated in the proposition. Moreover, since the growth rate of effective wealth among
survivors also depends only on the Sharpe ratio, there exists a country-specific growth
rate g, of effective wealth as well.

To derive the remaining parts of the proposition, we first observe that the total flow
Lo,f of new units of factor f satisfies

LO,f:Lf(gL+Vh)/ fEFh

reflecting that the inflow of new factors must compensate for deaths and maintain growth
at rate gr. Furthermore, the normalized amount of effective wealth in the economy is the

integral over historical cohorts, yielding

W, = /°° [e8L Lo ¢][e 84 wp] (1 + Th)e(gw,c—l/h)t
0 7 r+vy,—ga
v + 81 Y Lwe(1+Ty)
U+ 9L +84—8we THVL—8a

where the term e84 reflects that the nominal value of wages started out at a lower level
in the past.
Using that the share of risky assets in industry i is ¢; = ’y%, market clearing for capital
implies that
oipiKi = @niySiWy Vi € K,

where ¢y, ; is the share of households in country & investing in industry i. Using 0; =

72



(r; —1)/Sy and summing over i € K" yields

ri — 1) piK;
2 = )ps S)pl S =S W
ieKh h

Substituting in VW), and moving Sj, to the right-hand side gives us

Y (rs - ik = g5t g e T
— e 4+ gL+ 8 —8we TV, —8a

as required.
Finally, given that )}, B;,(t) = 0, the value of all capital assets must equal total effective

wealth minus effective wealth from labor. This gives us

1+ T wsL
Yo ) pniKui =) | Wh— ), ( W) Lyer, Uyly
heH ieK I feph r+v—8a
_y v+ 81 ] Er LA+ T)
heH Vh+gL+gA_gw,c V+Vh—gA

_ Yy Swc—ga Yy Lpws(1+Ti)
Sivn 8Lt 8a—8we TV —8a

which concludes the proof.

D.4 Balanced growth equations

The following equations determine the BGP equilibrium using the input-output notation
in Section 3. Without loss of generality, following Bagaee and Farhi (2019), we relabel the
input-output matrix so that each CES aggregator is treated as a separate producer (this
simplifies notation). This means that we also drop the notation that indexes producers in
terms of countries and type of industry. Instead, we use a single index to denote every
CES aggregate in the model. We assume that the Armington CES nests are located in the
destination country. We write ti for a bilateral tax on nest i’s purchases of j, tijs with the
assumption that tax revenues are rebated to destination households. Allowing for ¢; j nests
the tariffs in the main model. Furthermore, we allow for reduced-form output wedges,
fi, which behave like markups and whose revenues are rebated to origin households.?”

The allocational consequences of such wedges can be constructed from tariffs and output

%7 Allowing for such output wedges does not require extending the framework in Appendix D.1, because
their effect is equivalent to that of output taxes.
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taxes in our model description. CES share parameters are denoted using overlines, with
shares being zero for goods not in that nest (for example, in an Armington nest, all the
shares but the ones associated with that input bundle are zero).

Capital Supply Equations

¢ Wealth growth conditional on survival
Suwe =7 X [(1 — T )r—p+ <7+1> (1-— T,f)zsi]

e Ratio of total wealth to human wealth

__vpt8L
Xh vp+g—8lh

* Desired financial wealth of households in country h

(Zfth )\f(1+Th)>
(1=t )r+v,—8a [Xh N 1]

fin_
W, =

Production Block

e Growth rate

§=8L+8A
¢ Tax and markup revenues relative to labor income
t
T (i’) - Tlf [Tbh( )+Zzekh 7 +<5 ]+21€Nh[ }/\H‘ZjeNhH(h L(in')eN+K 1+f] A in i
N Zfth Af

¢ Country consumption
Dy = Lper, Af(1 4 Tp) + Lick, Ai [1 - %] +(r—8)by
¢ Goods prices 1
pr = J (Sien Qufl 1+ b pj) % + Ljer Qo] + Tjex QR )" ne H+N
¢ Capital user costs 1
=0

Ry = —yn(%jg) (ZjeN an[(l + tn]')p]']lign> - n €K

e Effective markups
pn = "1 (m € K) + il (m & K).

* Goods, labor, and capital services market clearing
Qu
Ai = Le Hq’h’1+t, + LjeN+k )‘J1+t Qi
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Capital Market Clearing and Distribution of Free Cash Flows

* Physical capital market clearing by country?®

A i
ZZGK],! U’lri_i'_léi - Wh Xh_l r)/Sh

* Bond market clearing
/\l' . fl?’l
YieK 745 = Leec Wi

* No arbitrage within country

- ;S ;
ri=r+ =aL i€ Ky

* Net foreign assets
in A
by = W™ — Tiex, s

Invertibility of BGP system. To see that there exists a set of share and productivity pa-
rameters such that our calibration targets constitute a balanced growth path, we con-
sider the case when all TFPs are 1 except for investment goods that have productivity
n(g + 6n). Furthermore, we set the values of the share parameters () to the observed
cost shares for each nest. In that case, the equations for goods prices and capital costs are
satisfied with prices p, = 1foralln € N4+ Cand R, = 1foralln € K.

D.5 Linearized solution

Here are the linearized equations. It is conducted around a balanced growth path with no

initial taxes.

Wealth growth conditional on survival:

d&mzyx[m+2(1;l)ﬂ%—mf0+2<lgi)ﬁ)]

Ratio of total wealth to human wealth:
dv d —dv
_ h . o Sw,c Z
Vh T8~ 8w Vh T8~ 8w
Desired financial wealth of households in country /:
Zfth Af d (Zfth Af) TdT;If dr

+dx, + —
r+v,—8a Zfth/\f Xh r+vp—8a Tr+V,—8A

dxn

AW/ = +dT,,

28Recall that if i is a capital good, then A; is the compensation of capital i relative to world consumption,
hence A;/(r; + ¢;) is the value of the capital stock.

75



Tax revenues relative to labor income:

dTh |:7’bh + Zzekh Iz +5 i| + ):zeNh ~2 d,uz + ):]eNh+Kh ZZGN-l—K [dt],lA]Q]/l]

AT, =
" ZfePh Ag

Country consumption:

1 dlog 1
A0, = Y dA+dT, Y As+ Y {d)»i (1——) + o8 ] +d[(r — g)by]
feF, feF, icK,, Hi i

Goods prices:
dlog py = dlog L4+ ) Oy ldty +dlogpil+ ) Qumdlog Ry + Y O, pdlogwy
An jeN mekK feF,
Capital user costs:
dlog Ry = dlo (”—")+ Oy jldlog p;+dt, ;] keK
ot = o (s )+ B Ot

Effective markups:

Hom = g+ 6w ymg+(5m
Goods, labor, and capital services demand:

Ai =Y APy Qy i+ Ppy (A — dty Q)]+ Y [dAQy + Aj(dQy,; — diQ )]
h'eH JEN+K

} 1(m € K) +dji,1(m ¢ K)

Change in cost shares:

dQy; = (1 —6;)0Y; [d log pj+ dtij — Y Qi (dlog py + dt;)
X

dQ); = —dlog i + ;1 dQy;
Labor market clearing:
dlogwy =dlogAy  f€E€F

Asset market clearing;:

A A fin  Xh fin Xh
Y. {dalrmté —|-0’1d< >} YW, P S X |dlogW; " +dlog o1 +dlog Sy,

i€k, ri+0;
Z [ d)\i _ Ai d?’,‘ +d51} _ Z dWP{m
fex ri + 90; ri+90; ri+9; ceC

No arbitrage within country:
dr; = dr 4+ do;Sy, + 0;dSy, + (r; — r)dTy, i €Ky

Net foreign assets:
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d)\l‘ - )\,‘ d?’i + d(Si
ri+o; v+ ri+9;

db, = dw/™ — Y

iGKh

D.6 Details on calibration
The calibration of ), Q), and u is described above in the Appendix to Section 3.5.

Depreciation rates We map BEA industry-specific depreciation rates to WIOD sectors.
For each sector and year, we calculate the depreciation rate as the total value of deprecia-
tion divided by the total value of the capital stock of the sector. The resulting depreciation

rate J; for i € N is used for all countries.

Revenue-based input output matrix. From Q) and 1, we obtain the revenue-based input

output matrix from Q;; = L0);;. This matrix is identical to (), apart from the rows as-
p T p

1i+0k
§+0k
input-output matrix rows associated with investment generally sum to less than 1, reflect-

sociated with investment goods being deflated by . In particular, this means that the

ing that not all rental payments to capital goods end up as investment good spending.

Revenue shares. From (), we define the total requirement matrix ¥ = (I — Q)~! =
I+Q+Q%+ .-, with '¥j capturing the share of spending on i that ends up in j, directly
and indirectly through the input-output network. The revenue of each i relative to world
consumption satisfies

Ai= Y Pt (65)
WeH

where @), is the share of world consumption in country h’, where i indexes perishable
goods, capital goods, and labor.

Consumption weights by country. The previous results express A; up to consumption

shares ®;,. To solve for these shares, we note that they need to satisfy

Dp= ) Ar+ Y M (1—%) + (r — g)by, (66)

fGF;l keK;,

where by, is the ratio of net foreign assets (bonds in our model) relative to world consump-
tion. This equation states that consumption in a country equals its factor income plus net
income from domestic capital plus earnings on net foreign assets. Since labor and net cap-
ital income can be expressed in terms of ®;, using (65), and ) ;, ®;, = 1, equation (66) can be
solved for @, as a function of net factor payments (r — g)by,. To calibrate the latter, we use

our earlier calibration for 7 and g, and set b;, equal to net foreign asset positions relative

77



to global consumption, with net foreign asset positions taken from the External Wealth of
Nations Database (Lane and Milesi-Ferretti, 2018), and global consumption from WIOD.?

E Appendix to Section 5.6

E.1 Table of Tariffs

Table E.1: US tariffs imposed on imports from each region during the trade war

Country Tariff Rate
Canada 10%
India 26%
China 54%
United Kingdom  10%
Japan 24%
Mexico 10%

European Union  20%
Rest of the World  25.4%

E.2 Effect of Markups

Table E.2 shows the first-order effects on long-run global consumption from a uniform
increase in markups of goods-producing industries in every country. These markups are
equivalent to output wedges, and we assume the profits they generate are rebated lump
sum to local households in proportion to households’ labor income. All results are ex-
pressed as semi-elasticities of long-run consumption with respect to markups, so that a
value of —1.0 means that a net markup of 1% lowers log long-run consumption by 0.01.
The first row shows that consumption effects are very powerful: a 10% increase in
markups reduces long-run global consumption by 7.3%. As Proposition 7 illustrates, the
reduction in global consumption is driven by reductions in capital stocks. Intuitively, the
increase in markups raise the price of investment goods relative to labor, which reduces
capital demand and investment. Since capital is below its long-run consumption maxi-

mizing level, this reduction in investment depresses long-run consumption.

2We do not calibrate ®;, according to country-level consumptions from WIOD because this would result
in an inconsistency between trade balance and net foreign assets. Nevertheless, the &, we do calibrate to
are similar to those implied by the WIOD. See footnote 20 for more information.

78



Table E.2: Change in long-run consumption due to increase in markups

Scenario Description Global Consumption

Benchmark | Baseline calibration in Section 5.4 -0.727

Rep. agent | Baseline calibration holding returns and current ac- -1.145
counts constant

Static Investment treated as a final expenditure and capi- -0.000
tal treated as an endowment

oxr = 1.2 Higher elasticity of substitution between capital -0.844
and labor

oxr = 0.6 Lower elasticity of substitution between capital and -0.371
labor

=1 Benchmark calibration, but trade elasticities equal -0.726

tozero (@ —1=0)

b =o00 All depreciation rates set to infinity. Implies that all 0.000
as-if markups equal 1, and that capital is treated as
an intermediate

To explore the economic forces, Table E.2 also displays how this semi-elasticity changes
as we vary some of our modeling choices. When the capital supply elasticity is raised to
infinity, as it would be with an infinitely-lived representative agent, then long-run con-
sumption losses are approximately 60% larger. This is because infinitely elastic capital
supply eliminates a mitigating force: in the benchmark, falling capital demand reduces
the rates of return, which lowers the user cost of capital, and partially offsets higher in-
vestment prices. Without this offset, capital, and hence consumption, falls by more. This
effect is consistent with a general intuition from the misallocation literature that reallo-
cation effects are more important when quantities are highly elastic with respect to dis-
tortions. By contrast, when we lower the capital supply elasticity to zero, as it would
be in a static model, losses from markup increases are zero. This is also consistent with
Proposition 7, since in this case, the quantity of capital does not adjust and there are no
losses.

Similarly, altering the elasticity of capital demand affects losses. For example, when
the elasticity of substitution between capital and labor is 1.2, as in Karabarbounis and
Neiman (2013), instead of 1.0, losses from markups are magnified. In contrast, when
the elasticity of substitution between capital and labor is lower, for example 0.6 as in

Antras (2004), the losses are substantially smaller. The losses are roughly linear in the
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elasticity of substitution between labor and capital. This also mirrors the intuition from
the misallocation literature where losses from wedges are proportional to elasticities of
substitution (see, e.g. Bagaee and Farhi, 2020).

In contrast, the trade elasticity does not have an important effect on how either cap-
ital supply or capital demand responds to higher investment prices. Hence, its value is
relatively unimportant for the overall consumption losses from markups.

Finally, holding elasticities constant, losses also decline if the Golden Rule wedge were
smaller. For example, if we set § = oo, capital becomes non-durable and acts like a reg-
ular intermediate input. In this case, the Golden Rule wedge is zero and hence long-run
aggregate consumption is maximized in the initial equilibrium. Accordingly, changes in
markups have no first-order effect due to the envelope theorem.
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